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Limitations of linear models

Linear methods are great for linear tasks

X2
<latexit sha1_base64="30vwItq6FO2Eh+k1NentqlVA3SE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh06/1i9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw2s/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbRqVe+iWru/rNRv8jiKcAKncA4eXEEd7qABTWAwhGd4hTdHOi/Ou/OxaC04+cwx/IHz+QPds42F</latexit>

x 7! w>x+ b linearly separates the two classes.
<latexit sha1_base64="e+anLWAau2XEFti9BSaAsts9H7A="></latexit>

In linear classification
<latexit sha1_base64="e+iUceLiIhizs71f9WGvMgBrFWE=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0VwVZIq6LLoRncV7APaUCbTaTt0MgkzN2IJ3brxV9y4UMStf+DOv3GSBtHWCwOHc869d+7xI8E1OM6XVVhaXlldK66XNja3tnfs3b2mDmNFWYOGIlRtn2gmuGQN4CBYO1KMBL5gLX98meqtO6Y0D+UtTCLmBWQo+YBTAobq2bgL7B6Sa4nTCURhKojWPwY87dllp+JkhReBm4Myyqvesz+7/ZDGAZOQzeq4TgReQhRwKti01I01iwgdkyHrGChJwLSXZJdM8ZFh+ngQKvMk4Iz93ZGQQOtJ4BtnQGCk57WU/E/rxDA49xIuoxiYpLNFg1hgCHEaC+5zxSiIiQGEKm7+iumIKELBhFcyIbjzJy+CZrXinlSqN6fl2kUeRxEdoEN0jFx0hmroCtVRA1H0gJ7QC3q1Hq1n6816n1kLVt6zj/6U9fENzkCaZg==</latexit>

X1
<latexit sha1_base64="GMcOKVmvwmvqmGDsczkgBHPdu4Y=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh07f65crbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8Slq1qndRrd1fVuo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AHcL42E</latexit>



Limitations of linear models

Linear methods are great for linear tasks

X
<latexit sha1_base64="kpPTAtGMnO2krFRSnNrra2xDivU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZqdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqq15mWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8ftweM4A==</latexit>

Y
<latexit sha1_base64="NRADBWhidLrGKbqT5Fr94wkW5hw=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4hkYeBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tArltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALiLjOE=</latexit>

X2
<latexit sha1_base64="30vwItq6FO2Eh+k1NentqlVA3SE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh06/1i9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw2s/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbRqVe+iWru/rNRv8jiKcAKncA4eXEEd7qABTWAwhGd4hTdHOi/Ou/OxaC04+cwx/IHz+QPds42F</latexit>

x 7! w>x+ b linearly separates the two classes.
<latexit sha1_base64="e+anLWAau2XEFti9BSaAsts9H7A="></latexit>

In linear classification
<latexit sha1_base64="e+iUceLiIhizs71f9WGvMgBrFWE=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0VwVZIq6LLoRncV7APaUCbTaTt0MgkzN2IJ3brxV9y4UMStf+DOv3GSBtHWCwOHc869d+7xI8E1OM6XVVhaXlldK66XNja3tnfs3b2mDmNFWYOGIlRtn2gmuGQN4CBYO1KMBL5gLX98meqtO6Y0D+UtTCLmBWQo+YBTAobq2bgL7B6Sa4nTCURhKojWPwY87dllp+JkhReBm4Myyqvesz+7/ZDGAZOQzeq4TgReQhRwKti01I01iwgdkyHrGChJwLSXZJdM8ZFh+ngQKvMk4Iz93ZGQQOtJ4BtnQGCk57WU/E/rxDA49xIuoxiYpLNFg1hgCHEaC+5zxSiIiQGEKm7+iumIKELBhFcyIbjzJy+CZrXinlSqN6fl2kUeRxEdoEN0jFx0hmroCtVRA1H0gJ7QC3q1Hq1n6816n1kLVt6zj/6U9fENzkCaZg==</latexit>

In linear regression
<latexit sha1_base64="5w1KHsjQ2K3fx+2oVnBm3tw3LMY=">AAACBXicbVDLSgMxFM3UV62vqktdBIvgqsxUQZdFN7qrYB/QlpJJb9vQTGZI7ohl6MaNv+LGhSJu/Qd3/o2ZtgttPRA4nHNuknv8SAqDrvvtZJaWV1bXsuu5jc2t7Z387l7NhLHmUOWhDHXDZwakUFBFgRIakQYW+BLq/vAq9ev3oI0I1R2OImgHrK9ET3CGVurkD1sID5jcKJrewDTV0Ndg0jwdd/IFt+hOQBeJNyMFMkOlk/9qdUMeB6CQS2ZM03MjbCdMo+ASxrlWbCBifMj60LRUsQBMO5lsMabHVunSXqjtUUgn6u+JhAXGjALfJgOGAzPvpeJ/XjPG3kU7ESqKERSfPtSLJcWQppXQrtDAUY4sYVwL+1fKB0wzjra4nC3Bm195kdRKRe+0WLo9K5QvZ3VkyQE5IifEI+ekTK5JhVQJJ4/kmbySN+fJeXHenY9pNOPMZvbJHzifP7TMmLM=</latexit>

x 7! w>x+ b approximates the continuous response y.
<latexit sha1_base64="dIJzlkLbngKtvH7CYreaXoU2ca0="></latexit>

X1
<latexit sha1_base64="GMcOKVmvwmvqmGDsczkgBHPdu4Y=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh07f65crbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8Slq1qndRrd1fVuo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AHcL42E</latexit>



Limitations of linear models

Linear methods are great for linear tasks

X
<latexit sha1_base64="kpPTAtGMnO2krFRSnNrra2xDivU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZqdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqq15mWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8ftweM4A==</latexit>

Y
<latexit sha1_base64="NRADBWhidLrGKbqT5Fr94wkW5hw=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4hkYeBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tArltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALiLjOE=</latexit>

X2
<latexit sha1_base64="30vwItq6FO2Eh+k1NentqlVA3SE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh06/1i9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw2s/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbRqVe+iWru/rNRv8jiKcAKncA4eXEEd7qABTWAwhGd4hTdHOi/Ou/OxaC04+cwx/IHz+QPds42F</latexit>

x 7! w>x+ b linearly separates the two classes.
<latexit sha1_base64="e+anLWAau2XEFti9BSaAsts9H7A="></latexit>

In linear classification
<latexit sha1_base64="e+iUceLiIhizs71f9WGvMgBrFWE=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0VwVZIq6LLoRncV7APaUCbTaTt0MgkzN2IJ3brxV9y4UMStf+DOv3GSBtHWCwOHc869d+7xI8E1OM6XVVhaXlldK66XNja3tnfs3b2mDmNFWYOGIlRtn2gmuGQN4CBYO1KMBL5gLX98meqtO6Y0D+UtTCLmBWQo+YBTAobq2bgL7B6Sa4nTCURhKojWPwY87dllp+JkhReBm4Myyqvesz+7/ZDGAZOQzeq4TgReQhRwKti01I01iwgdkyHrGChJwLSXZJdM8ZFh+ngQKvMk4Iz93ZGQQOtJ4BtnQGCk57WU/E/rxDA49xIuoxiYpLNFg1hgCHEaC+5zxSiIiQGEKm7+iumIKELBhFcyIbjzJy+CZrXinlSqN6fl2kUeRxEdoEN0jFx0hmroCtVRA1H0gJ7QC3q1Hq1n6816n1kLVt6zj/6U9fENzkCaZg==</latexit>

In linear regression
<latexit sha1_base64="5w1KHsjQ2K3fx+2oVnBm3tw3LMY=">AAACBXicbVDLSgMxFM3UV62vqktdBIvgqsxUQZdFN7qrYB/QlpJJb9vQTGZI7ohl6MaNv+LGhSJu/Qd3/o2ZtgttPRA4nHNuknv8SAqDrvvtZJaWV1bXsuu5jc2t7Z387l7NhLHmUOWhDHXDZwakUFBFgRIakQYW+BLq/vAq9ev3oI0I1R2OImgHrK9ET3CGVurkD1sID5jcKJrewDTV0Ndg0jwdd/IFt+hOQBeJNyMFMkOlk/9qdUMeB6CQS2ZM03MjbCdMo+ASxrlWbCBifMj60LRUsQBMO5lsMabHVunSXqjtUUgn6u+JhAXGjALfJgOGAzPvpeJ/XjPG3kU7ESqKERSfPtSLJcWQppXQrtDAUY4sYVwL+1fKB0wzjra4nC3Bm195kdRKRe+0WLo9K5QvZ3VkyQE5IifEI+ekTK5JhVQJJ4/kmbySN+fJeXHenY9pNOPMZvbJHzifP7TMmLM=</latexit>

x 7! w>x+ b approximates the continuous response y.
<latexit sha1_base64="dIJzlkLbngKtvH7CYreaXoU2ca0="></latexit>

What can we do when for non-linear tasks ?

X1
<latexit sha1_base64="GMcOKVmvwmvqmGDsczkgBHPdu4Y=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh07f65crbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8Slq1qndRrd1fVuo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AHcL42E</latexit>

X1
<latexit sha1_base64="GMcOKVmvwmvqmGDsczkgBHPdu4Y=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh07f65crbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8Slq1qndRrd1fVuo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AHcL42E</latexit>

X2
<latexit sha1_base64="30vwItq6FO2Eh+k1NentqlVA3SE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh06/1i9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw2s/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbRqVe+iWru/rNRv8jiKcAKncA4eXEEd7qABTWAwhGd4hTdHOi/Ou/OxaC04+cwx/IHz+QPds42F</latexit>

In R2 no hyperplane separates the following two classes.
<latexit sha1_base64="YPnghzutGMZSe0rqW2ztGfe2rII="></latexit>



Limitations of linear models

Linear methods are great for linear tasks

X
<latexit sha1_base64="kpPTAtGMnO2krFRSnNrra2xDivU=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlZqdfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqq15mWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8ftweM4A==</latexit>

Y
<latexit sha1_base64="NRADBWhidLrGKbqT5Fr94wkW5hw=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4hkYeBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tArltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1Gu1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALiLjOE=</latexit>

X2
<latexit sha1_base64="30vwItq6FO2Eh+k1NentqlVA3SE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh06/1i9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw2s/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbRqVe+iWru/rNRv8jiKcAKncA4eXEEd7qABTWAwhGd4hTdHOi/Ou/OxaC04+cwx/IHz+QPds42F</latexit>

x 7! w>x+ b linearly separates the two classes.
<latexit sha1_base64="e+anLWAau2XEFti9BSaAsts9H7A="></latexit>

In linear classification
<latexit sha1_base64="e+iUceLiIhizs71f9WGvMgBrFWE=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0VwVZIq6LLoRncV7APaUCbTaTt0MgkzN2IJ3brxV9y4UMStf+DOv3GSBtHWCwOHc869d+7xI8E1OM6XVVhaXlldK66XNja3tnfs3b2mDmNFWYOGIlRtn2gmuGQN4CBYO1KMBL5gLX98meqtO6Y0D+UtTCLmBWQo+YBTAobq2bgL7B6Sa4nTCURhKojWPwY87dllp+JkhReBm4Myyqvesz+7/ZDGAZOQzeq4TgReQhRwKti01I01iwgdkyHrGChJwLSXZJdM8ZFh+ngQKvMk4Iz93ZGQQOtJ4BtnQGCk57WU/E/rxDA49xIuoxiYpLNFg1hgCHEaC+5zxSiIiQGEKm7+iumIKELBhFcyIbjzJy+CZrXinlSqN6fl2kUeRxEdoEN0jFx0hmroCtVRA1H0gJ7QC3q1Hq1n6816n1kLVt6zj/6U9fENzkCaZg==</latexit>

In linear regression
<latexit sha1_base64="5w1KHsjQ2K3fx+2oVnBm3tw3LMY=">AAACBXicbVDLSgMxFM3UV62vqktdBIvgqsxUQZdFN7qrYB/QlpJJb9vQTGZI7ohl6MaNv+LGhSJu/Qd3/o2ZtgttPRA4nHNuknv8SAqDrvvtZJaWV1bXsuu5jc2t7Z387l7NhLHmUOWhDHXDZwakUFBFgRIakQYW+BLq/vAq9ev3oI0I1R2OImgHrK9ET3CGVurkD1sID5jcKJrewDTV0Ndg0jwdd/IFt+hOQBeJNyMFMkOlk/9qdUMeB6CQS2ZM03MjbCdMo+ASxrlWbCBifMj60LRUsQBMO5lsMabHVunSXqjtUUgn6u+JhAXGjALfJgOGAzPvpeJ/XjPG3kU7ESqKERSfPtSLJcWQppXQrtDAUY4sYVwL+1fKB0wzjra4nC3Bm195kdRKRe+0WLo9K5QvZ3VkyQE5IifEI+ekTK5JhVQJJ4/kmbySN+fJeXHenY9pNOPMZvbJHzifP7TMmLM=</latexit>

x 7! w>x+ b approximates the continuous response y.
<latexit sha1_base64="dIJzlkLbngKtvH7CYreaXoU2ca0="></latexit>

What can we do when for non-linear tasks ?

X1
<latexit sha1_base64="GMcOKVmvwmvqmGDsczkgBHPdu4Y=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh07f65crbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8Slq1qndRrd1fVuo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AHcL42E</latexit>

X1
<latexit sha1_base64="GMcOKVmvwmvqmGDsczkgBHPdu4Y=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh07f65crbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8Slq1qndRrd1fVuo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AHcL42E</latexit>

X2
<latexit sha1_base64="30vwItq6FO2Eh+k1NentqlVA3SE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh06/1i9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw2s/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbRqVe+iWru/rNRv8jiKcAKncA4eXEEd7qABTWAwhGd4hTdHOi/Ou/OxaC04+cwx/IHz+QPds42F</latexit>

In R2 no hyperplane separates the following two classes.
<latexit sha1_base64="YPnghzutGMZSe0rqW2ztGfe2rII="></latexit>

Yet, if we apply the transformation x 7! '(x) =
⇣
x2
1,
p
2x1x2, x

2
2

⌘>
.

<latexit sha1_base64="j37VBtNp9X0RD8FLaZ9Qhl5TjcA="></latexit>

We obtain linearly separable data points in R3.
<latexit sha1_base64="ttFG7BUHW41pEAQu4EbH/vMfaMg=">AAACKnicbVDJSgNBEO1xN25Rj14ag+ApzKigR5eLRxVjhCSGmp6KNvZ0D901YhjyPV78FS8eFPHqh9gTc3ArKHi8V+uLMyUdheFbMDY+MTk1PTNbmZtfWFyqLq9cOJNbgQ1hlLGXMThUUmODJCm8zCxCGitsxrdHpd68Q+uk0efUz7CTwrWWPSmAPNWtHrQJ76loIjcxgdS8HARW9bnDDCz4OTwBAp4ZqclxXzHg7RToJo6Ls8HVdr1brYX1cBj8L4hGoMZGcdKtPrcTI/IUNQkFzrWiMKNOAZakUDiotPNytbiFa2x5qCFF1ymGrw74hmcS3jPWpyY+ZL93FJA6109jX1ke6X5rJfmf1sqpt9cppM5yQi2+FvVyxcnw0jeeSIuCvC+JBGGlv5WLG2+QIO9uxZsQ/X75L7jYqkfb9a3Tndr+4ciOGbbG1tkmi9gu22fH7IQ1mGAP7Im9sNfgMXgO3oL3r9KxYNSzyn5E8PEJ2e2new==</latexit>

X1
<latexit sha1_base64="GMcOKVmvwmvqmGDsczkgBHPdu4Y=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh07f65crbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjY/dUrOrDIgYaxtKSRz9fdERiNjJlFgOyOKI7PszcT/vG6K4bWfCZWkyBVbLApTSTAms7/JQGjOUE4soUwLeythI6opQ5tOyYbgLb+8Slq1qndRrd1fVuo3eRxFOIFTOAcPrqAOd9CAJjAYwjO8wpsjnRfn3flYtBacfOYY/sD5/AHcL42E</latexit>X2

<latexit sha1_base64="30vwItq6FO2Eh+k1NentqlVA3SE=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Qe0oWy2m3bpZhN2J0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilh06/1i9X3Ko7B1klXk4qkKPRL3/1BjFLI66QSWpM13MT9DOqUTDJp6VeanhC2ZgOeddSRSNu/Gx+6pScWWVAwljbUkjm6u+JjEbGTKLAdkYUR2bZm4n/ed0Uw2s/EypJkSu2WBSmkmBMZn+TgdCcoZxYQpkW9lbCRlRThjadkg3BW355lbRqVe+iWru/rNRv8jiKcAKncA4eXEEd7qABTWAwhGd4hTdHOi/Ou/OxaC04+cwx/IHz+QPds42F</latexit>

X3
<latexit sha1_base64="gDVFusNSVCdVPb+V0cF1j7bED74=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0laQY9FLx4r2lpoQ9lsN+3SzSbsToQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMa6E1DDpVC8hQIl7ySa0yiQ/DEY38z8xyeujYjVA04S7kd0qEQoGEUr3Xf69X654lbdOcgq8XJSgRzNfvmrN4hZGnGFTFJjup6boJ9RjYJJPi31UsMTysZ0yLuWKhpx42fzU6fkzCoDEsbalkIyV39PZDQyZhIFtjOiODLL3kz8z+umGF75mVBJilyxxaIwlQRjMvubDITmDOXEEsq0sLcSNqKaMrTplGwI3vLLq6Rdq3r1au3uotK4zuMowgmcwjl4cAkNuIUmtIDBEJ7hFd4c6bw4787HorXg5DPH8AfO5w/fN42G</latexit>



Positive Definite Kernels

Definition : Positive definite Kernel

A First definition

A positive definite kernel on a set X is a function K : X ⇥ X ! R
<latexit sha1_base64="n9WUCMyMjvV+eVbYnfXhRTykcT4="></latexit>

which satisfies
<latexit sha1_base64="SZsrV8O7dnerG5yFILMSmxV1BhI=">AAACAHicbVA9SwNBEN3zM8avUwsLm8UgWIW7KGgZtLGMYD4gCWFvM5cs2ftgd04NxzX+FRsLRWz9GXb+GzfJFZr4YODx3gwz87xYCo2O820tLa+srq0XNoqbW9s7u/befkNHieJQ55GMVMtjGqQIoY4CJbRiBSzwJDS90fXEb96D0iIK73AcQzdgg1D4gjM0Us8+7CA8YvowFHxItRG1L0DTrGeXnLIzBV0kbk5KJEetZ391+hFPAgiRS6Z123Vi7KZMoeASsmIn0RAzPmIDaBsasgB0N50+kNETo/SpHylTIdKp+nsiZYHW48AznQHDoZ73JuJ/XjtB/7KbijBOEEI+W+QnkmJEJ2nQvlDAUY4NYVwJcyvlQ6YYR5NZ0YTgzr+8SBqVsntWrtyel6pXeRwFckSOySlxyQWpkhtSI3XCSUaeySt5s56sF+vd+pi1Lln5zAH5A+vzBzgrlsw=</latexit>

K(x, x0) = K(x0, x), 8x, x0 2 X 2
<latexit sha1_base64="82aZMbHsd7xDU3BKcJHVgkHmQJI="></latexit>

(i)
<latexit sha1_base64="cjgGO5MbZ0PneEY3xjaw6yE9Nic=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoMQL2E3CnoMevEYwTwgu4TZyWwyZPbBTK8YlvyGFw+KePVnvPk3TpI9aGJBQ1HVTXeXn0ih0ba/rcLa+sbmVnG7tLO7t39QPjxq6zhVjLdYLGPV9anmUkS8hQIl7yaK09CXvOOPb2d+55ErLeLoAScJ90I6jEQgGEUjuS7yJ8yq4pxMSb9csWv2HGSVODmpQI5mv/zlDmKWhjxCJqnWPcdO0MuoQsEkn5bcVPOEsjEd8p6hEQ259rL5zVNyZpQBCWJlKkIyV39PZDTUehL6pjOkONLL3kz8z+ulGFx7mYiSFHnEFouCVBKMySwAMhCKM5QTQyhTwtxK2IgqytDEVDIhOMsvr5J2veZc1Or3l5XGTR5HEU7gFKrgwBU04A6a0AIGCTzDK7xZqfVivVsfi9aClc8cwx9Ynz8OoJEJ</latexit>

(ii)
<latexit sha1_base64="fv4pc6DVZqoAu6ojNKwIQ4CaxyU=">AAAB9HicbVDLTgJBEOzFF+IL9ehlIjHBC9lFEz0SvXjERB4JbMjsMAsTZh/O9BLJhu/w4kFjvPox3vwbB9iDgpV0UqnqTneXF0uh0ba/rdza+sbmVn67sLO7t39QPDxq6ihRjDdYJCPV9qjmUoS8gQIlb8eK08CTvOWNbmd+a8yVFlH4gJOYuwEdhMIXjKKR3C7yJ0zLQpyTKekVS3bFnoOsEicjJchQ7xW/uv2IJQEPkUmqdcexY3RTqlAwyaeFbqJ5TNmIDnjH0JAGXLvp/OgpOTNKn/iRMhUimau/J1IaaD0JPNMZUBzqZW8m/ud1EvSv3VSEcYI8ZItFfiIJRmSWAOkLxRnKiSGUKWFuJWxIFWVociqYEJzll1dJs1pxLirV+8tS7SaLIw8ncAplcOAKanAHdWgAg0d4hld4s8bWi/VufSxac1Y2cwx/YH3+ANePkXw=</latexit>

(symmetry)
<latexit sha1_base64="ZyM2aMw6RBj6Yy2T07/9BHOjPqY=">AAAB/HicbVDJSgNBFOyJW4xbNEcvjUGIlzATBT0GvXiMYBZIhtDTeZM06VnofiMOQ/wVLx4U8eqHePNv7CwHTSxoKKre41WXF0uh0ba/rdza+sbmVn67sLO7t39QPDxq6ShRHJo8kpHqeEyDFCE0UaCETqyABZ6Etje+mfrtB1BaROE9pjG4ARuGwhecoZH6xVIP4RGzik6DAFClZ3RC+8WyXbVnoKvEWZAyWaDRL371BhFPAgiRS6Z117FjdDOmUHAJk0Iv0RAzPmZD6BoasgC0m83CT+ipUQbUj5R5IdKZ+nsjY4E26TwzGTAc6WVvKv7ndRP0r9xMhHGCEPL5IT+RFCM6bYIOhAKOMjWEcSVMVspHTDGOpq+CKcFZ/vIqadWqznm1dndRrl8v6siTY3JCKsQhl6RObkmDNAknKXkmr+TNerJerHfrYz6asxY7JfIH1ucPdGiUoQ==</latexit>

NX

i=1

NX

j=1

aiajK (xi,xj) � 0

<latexit sha1_base64="hgUd4lZCUW2DRS5SWxISR2yjOtM="></latexit>

8(x1, . . . , xn) 2 Xn
<latexit sha1_base64="okzOb14ofOe07DYB/SF1nfQoT/8=">AAACFXicbVDLSsNAFJ3UV62vqks3g0WoUEpSBV0W3bisYB/QxDCZTNqhk0mYmUhL6E+48VfcuFDEreDOv3HSZqGtBwYO55zL3Hu8mFGpTPPbKKysrq1vFDdLW9s7u3vl/YOOjBKBSRtHLBI9D0nCKCdtRRUjvVgQFHqMdL3RdeZ3H4iQNOJ3ahITJ0QDTgOKkdKSW67ZQSQQY7A6dq0atJkfKVmDY5efQptyaIdIDTFiaW96r+MVs27OAJeJlZMKyNFyy1+2H+EkJFxhhqTsW2asnBQJRTEj05KdSBIjPEID0teUo5BIJ51dNYUnWvGhXk8/ruBM/T2RolDKSejpZLakXPQy8T+vn6jg0kkpjxNFOJ5/FCQMqghmFUGfCoIVm2iCsKB6V4iHSCCsdJElXYK1ePIy6TTq1lm9cXteaV7ldRTBETgGVWCBC9AEN6AF2gCDR/AMXsGb8WS8GO/GxzxaMPKZQ/AHxucPnVSd4A==</latexit>

8 (a1, . . . , an) 2 Rn
<latexit sha1_base64="pAowvXAYLvelN+1YdCCC3zZBSIs=">AAACFXicbVDLSgMxFM3UV62vqks3wSJUKGWmCgpuim5cVrEP6IzDnTRtQzOZIckIZehPuPFX3LhQxK3gzr8xfSy09UDgcM655N4TxJwpbdvfVmZpeWV1Lbue29jc2t7J7+41VJRIQusk4pFsBaAoZ4LWNdOctmJJIQw4bQaDq7HffKBSsUjc6WFMvRB6gnUZAW0kP19yu5EEzt0LXATfKWGXdyKtShh8cewygd0QdD8I0tvRvYkX7LI9AV4kzowU0Aw1P//ldiKShFRowkGptmPH2ktBakY4HeXcRNEYyAB6tG2ogJAqL51cNcJHRulgs555QuOJ+nsihVCpYRiY5HhHNe+Nxf+8dqK7517KRJxoKsj0o27CsY7wuCLcYZISzYeGAJHM7IpJHyQQbYrMmRKc+ZMXSaNSdk7KlZvTQvVyVkcWHaBDVEQOOkNVdI1qqI4IekTP6BW9WU/Wi/VufUyjGWs2s4/+wPr8AVuAnbc=</latexit>

(positive-definiteness)
<latexit sha1_base64="Fa0tJgRdf2bPXJXYNGrLi4VeUSo=">AAACB3icbVDLSgNBEJyNrxhfUY+CLAYhHgy7UdBj0IvHCOYBSQizk95kyOzsMtMbDEtuXvwVLx4U8eovePNvnCR70GhBQ1HVTVPlRYJrdJwvK7O0vLK6ll3PbWxube/kd/fqOowVgxoLRaiaHtUguIQachTQjBTQwBPQ8IbXU78xAqV5KO9wHEEnoH3Jfc4oGqmbP2wj3GNSjELNkY/gtAc+lxxBgtYnk26+4JScGey/xE1JgaSodvOf7V7I4gAkMkG1brlOhJ2EKuRMwCTXjjVElA1pH1qGShqA7iSzHBP72Cg92w+VGYn2TP15kdBA63Hgmc2A4kAvelPxP68Vo3/ZSbiMYhOMzR/5sbAxtKel2D2ugKEYG0KZMkUwmw2oogxNdTlTgrsY+S+pl0vuWal8e16oXKV1ZMkBOSJF4pILUiE3pEpqhJEH8kReyKv1aD1bb9b7fDVjpTf75Besj2/OG5nm</latexit>



Positive Definite Kernels

Remarks :

Definition : Positive definite Kernel

A First definition

A positive definite kernel on a set X is a function K : X ⇥ X ! R
<latexit sha1_base64="n9WUCMyMjvV+eVbYnfXhRTykcT4="></latexit>

which satisfies
<latexit sha1_base64="SZsrV8O7dnerG5yFILMSmxV1BhI=">AAACAHicbVA9SwNBEN3zM8avUwsLm8UgWIW7KGgZtLGMYD4gCWFvM5cs2ftgd04NxzX+FRsLRWz9GXb+GzfJFZr4YODx3gwz87xYCo2O820tLa+srq0XNoqbW9s7u/befkNHieJQ55GMVMtjGqQIoY4CJbRiBSzwJDS90fXEb96D0iIK73AcQzdgg1D4gjM0Us8+7CA8YvowFHxItRG1L0DTrGeXnLIzBV0kbk5KJEetZ391+hFPAgiRS6Z123Vi7KZMoeASsmIn0RAzPmIDaBsasgB0N50+kNETo/SpHylTIdKp+nsiZYHW48AznQHDoZ73JuJ/XjtB/7KbijBOEEI+W+QnkmJEJ2nQvlDAUY4NYVwJcyvlQ6YYR5NZ0YTgzr+8SBqVsntWrtyel6pXeRwFckSOySlxyQWpkhtSI3XCSUaeySt5s56sF+vd+pi1Lln5zAH5A+vzBzgrlsw=</latexit>

K(x, x0) = K(x0, x), 8x, x0 2 X 2
<latexit sha1_base64="82aZMbHsd7xDU3BKcJHVgkHmQJI="></latexit>

(i)
<latexit sha1_base64="cjgGO5MbZ0PneEY3xjaw6yE9Nic=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoMQL2E3CnoMevEYwTwgu4TZyWwyZPbBTK8YlvyGFw+KePVnvPk3TpI9aGJBQ1HVTXeXn0ih0ba/rcLa+sbmVnG7tLO7t39QPjxq6zhVjLdYLGPV9anmUkS8hQIl7yaK09CXvOOPb2d+55ErLeLoAScJ90I6jEQgGEUjuS7yJ8yq4pxMSb9csWv2HGSVODmpQI5mv/zlDmKWhjxCJqnWPcdO0MuoQsEkn5bcVPOEsjEd8p6hEQ259rL5zVNyZpQBCWJlKkIyV39PZDTUehL6pjOkONLL3kz8z+ulGFx7mYiSFHnEFouCVBKMySwAMhCKM5QTQyhTwtxK2IgqytDEVDIhOMsvr5J2veZc1Or3l5XGTR5HEU7gFKrgwBU04A6a0AIGCTzDK7xZqfVivVsfi9aClc8cwx9Ynz8OoJEJ</latexit>

(ii)
<latexit sha1_base64="fv4pc6DVZqoAu6ojNKwIQ4CaxyU=">AAAB9HicbVDLTgJBEOzFF+IL9ehlIjHBC9lFEz0SvXjERB4JbMjsMAsTZh/O9BLJhu/w4kFjvPox3vwbB9iDgpV0UqnqTneXF0uh0ba/rdza+sbmVn67sLO7t39QPDxq6ihRjDdYJCPV9qjmUoS8gQIlb8eK08CTvOWNbmd+a8yVFlH4gJOYuwEdhMIXjKKR3C7yJ0zLQpyTKekVS3bFnoOsEicjJchQ7xW/uv2IJQEPkUmqdcexY3RTqlAwyaeFbqJ5TNmIDnjH0JAGXLvp/OgpOTNKn/iRMhUimau/J1IaaD0JPNMZUBzqZW8m/ud1EvSv3VSEcYI8ZItFfiIJRmSWAOkLxRnKiSGUKWFuJWxIFWVociqYEJzll1dJs1pxLirV+8tS7SaLIw8ncAplcOAKanAHdWgAg0d4hld4s8bWi/VufSxac1Y2cwx/YH3+ANePkXw=</latexit>

(symmetry)
<latexit sha1_base64="ZyM2aMw6RBj6Yy2T07/9BHOjPqY=">AAAB/HicbVDJSgNBFOyJW4xbNEcvjUGIlzATBT0GvXiMYBZIhtDTeZM06VnofiMOQ/wVLx4U8eqHePNv7CwHTSxoKKre41WXF0uh0ba/rdza+sbmVn67sLO7t39QPDxq6ShRHJo8kpHqeEyDFCE0UaCETqyABZ6Etje+mfrtB1BaROE9pjG4ARuGwhecoZH6xVIP4RGzik6DAFClZ3RC+8WyXbVnoKvEWZAyWaDRL371BhFPAgiRS6Z117FjdDOmUHAJk0Iv0RAzPmZD6BoasgC0m83CT+ipUQbUj5R5IdKZ+nsjY4E26TwzGTAc6WVvKv7ndRP0r9xMhHGCEPL5IT+RFCM6bYIOhAKOMjWEcSVMVspHTDGOpq+CKcFZ/vIqadWqznm1dndRrl8v6siTY3JCKsQhl6RObkmDNAknKXkmr+TNerJerHfrYz6asxY7JfIH1ucPdGiUoQ==</latexit>

NX

i=1

NX

j=1

aiajK (xi,xj) � 0

<latexit sha1_base64="hgUd4lZCUW2DRS5SWxISR2yjOtM="></latexit>

8(x1, . . . , xn) 2 Xn
<latexit sha1_base64="okzOb14ofOe07DYB/SF1nfQoT/8=">AAACFXicbVDLSsNAFJ3UV62vqks3g0WoUEpSBV0W3bisYB/QxDCZTNqhk0mYmUhL6E+48VfcuFDEreDOv3HSZqGtBwYO55zL3Hu8mFGpTPPbKKysrq1vFDdLW9s7u3vl/YOOjBKBSRtHLBI9D0nCKCdtRRUjvVgQFHqMdL3RdeZ3H4iQNOJ3ahITJ0QDTgOKkdKSW67ZQSQQY7A6dq0atJkfKVmDY5efQptyaIdIDTFiaW96r+MVs27OAJeJlZMKyNFyy1+2H+EkJFxhhqTsW2asnBQJRTEj05KdSBIjPEID0teUo5BIJ51dNYUnWvGhXk8/ruBM/T2RolDKSejpZLakXPQy8T+vn6jg0kkpjxNFOJ5/FCQMqghmFUGfCoIVm2iCsKB6V4iHSCCsdJElXYK1ePIy6TTq1lm9cXteaV7ldRTBETgGVWCBC9AEN6AF2gCDR/AMXsGb8WS8GO/GxzxaMPKZQ/AHxucPnVSd4A==</latexit>

8 (a1, . . . , an) 2 Rn
<latexit sha1_base64="pAowvXAYLvelN+1YdCCC3zZBSIs=">AAACFXicbVDLSgMxFM3UV62vqks3wSJUKGWmCgpuim5cVrEP6IzDnTRtQzOZIckIZehPuPFX3LhQxK3gzr8xfSy09UDgcM655N4TxJwpbdvfVmZpeWV1Lbue29jc2t7J7+41VJRIQusk4pFsBaAoZ4LWNdOctmJJIQw4bQaDq7HffKBSsUjc6WFMvRB6gnUZAW0kP19yu5EEzt0LXATfKWGXdyKtShh8cewygd0QdD8I0tvRvYkX7LI9AV4kzowU0Aw1P//ldiKShFRowkGptmPH2ktBakY4HeXcRNEYyAB6tG2ogJAqL51cNcJHRulgs555QuOJ+nsihVCpYRiY5HhHNe+Nxf+8dqK7517KRJxoKsj0o27CsY7wuCLcYZISzYeGAJHM7IpJHyQQbYrMmRKc+ZMXSaNSdk7KlZvTQvVyVkcWHaBDVEQOOkNVdI1qqI4IekTP6BW9WU/Wi/VufUyjGWs2s4/+wPr8AVuAnbc=</latexit>

(positive-definiteness)
<latexit sha1_base64="Fa0tJgRdf2bPXJXYNGrLi4VeUSo=">AAACB3icbVDLSgNBEJyNrxhfUY+CLAYhHgy7UdBj0IvHCOYBSQizk95kyOzsMtMbDEtuXvwVLx4U8eovePNvnCR70GhBQ1HVTVPlRYJrdJwvK7O0vLK6ll3PbWxube/kd/fqOowVgxoLRaiaHtUguIQachTQjBTQwBPQ8IbXU78xAqV5KO9wHEEnoH3Jfc4oGqmbP2wj3GNSjELNkY/gtAc+lxxBgtYnk26+4JScGey/xE1JgaSodvOf7V7I4gAkMkG1brlOhJ2EKuRMwCTXjjVElA1pH1qGShqA7iSzHBP72Cg92w+VGYn2TP15kdBA63Hgmc2A4kAvelPxP68Vo3/ZSbiMYhOMzR/5sbAxtKel2D2ugKEYG0KZMkUwmw2oogxNdTlTgrsY+S+pl0vuWal8e16oXKV1ZMkBOSJF4pILUiE3pEpqhJEH8kReyKv1aD1bb9b7fDVjpTf75Besj2/OG5nm</latexit>

In other words, K is a p.d. kernel if and only if, for any N 2 N, and any set of points
<latexit sha1_base64="otmoB0u0dHUrGpBeZNSqlZI8W/g="></latexit>

set of points (x1, . . . , xn) 2 XN , the similarity matrix Ki,j = K(xi, xj)
<latexit sha1_base64="JLn5WICZz/jAH0bn/dW+z+yDIlQ="></latexit>

is positive definite.
<latexit sha1_base64="ubNb5J5wckuaiAId5bLHihi+J4Y=">AAACBnicbZC7SgNBFIZn4z3eVi29MBgEq7AbCy1FG0sFYwJJCLOTszpkdnaZORsMSyoRfBUbC0W09BnsfAZfwsml0MQfBj7+/xyG8weJFAY978vJTU3PzM7NL+QXl5ZXVt219SsTp5pDmccy1tWAGZBCQRkFSqgmGlgUSKgE7dN+XumANiJWl9hNoBGxayVCwRlaq+lu1xFuMROGJrERKDpAWxAKJRCKtNd0C17RG4hOgj+CwvHW+8X3/c77edP9rLdinkagkEtmTM33EmxkTKPgEnr5emogYbzNrqFmUbEITCMbnNGje9Zp0TDW9imkA/f3RsYiY7pRYCcjhjdmPOub/2W1FMOjRiZUkiIoPvwoTCXFmPY7oS2hgaPsWmBc2xY45TdMM462ubwtwR8/eRKuSkX/oFi6sG2ckKHmySbZJfvEJ4fkmJyRc1ImnNyRR/JMXpwH58l5dd6GozlntLNB/sj5+AFS8Jy2</latexit>



Positive Definite Kernels

Remarks :

Definition : Positive definite Kernel

A First definition

A positive definite kernel on a set X is a function K : X ⇥ X ! R
<latexit sha1_base64="n9WUCMyMjvV+eVbYnfXhRTykcT4="></latexit>

which satisfies
<latexit sha1_base64="SZsrV8O7dnerG5yFILMSmxV1BhI=">AAACAHicbVA9SwNBEN3zM8avUwsLm8UgWIW7KGgZtLGMYD4gCWFvM5cs2ftgd04NxzX+FRsLRWz9GXb+GzfJFZr4YODx3gwz87xYCo2O820tLa+srq0XNoqbW9s7u/befkNHieJQ55GMVMtjGqQIoY4CJbRiBSzwJDS90fXEb96D0iIK73AcQzdgg1D4gjM0Us8+7CA8YvowFHxItRG1L0DTrGeXnLIzBV0kbk5KJEetZ391+hFPAgiRS6Z123Vi7KZMoeASsmIn0RAzPmIDaBsasgB0N50+kNETo/SpHylTIdKp+nsiZYHW48AznQHDoZ73JuJ/XjtB/7KbijBOEEI+W+QnkmJEJ2nQvlDAUY4NYVwJcyvlQ6YYR5NZ0YTgzr+8SBqVsntWrtyel6pXeRwFckSOySlxyQWpkhtSI3XCSUaeySt5s56sF+vd+pi1Lln5zAH5A+vzBzgrlsw=</latexit>

K(x, x0) = K(x0, x), 8x, x0 2 X 2
<latexit sha1_base64="82aZMbHsd7xDU3BKcJHVgkHmQJI="></latexit>

(i)
<latexit sha1_base64="cjgGO5MbZ0PneEY3xjaw6yE9Nic=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoMQL2E3CnoMevEYwTwgu4TZyWwyZPbBTK8YlvyGFw+KePVnvPk3TpI9aGJBQ1HVTXeXn0ih0ba/rcLa+sbmVnG7tLO7t39QPjxq6zhVjLdYLGPV9anmUkS8hQIl7yaK09CXvOOPb2d+55ErLeLoAScJ90I6jEQgGEUjuS7yJ8yq4pxMSb9csWv2HGSVODmpQI5mv/zlDmKWhjxCJqnWPcdO0MuoQsEkn5bcVPOEsjEd8p6hEQ259rL5zVNyZpQBCWJlKkIyV39PZDTUehL6pjOkONLL3kz8z+ulGFx7mYiSFHnEFouCVBKMySwAMhCKM5QTQyhTwtxK2IgqytDEVDIhOMsvr5J2veZc1Or3l5XGTR5HEU7gFKrgwBU04A6a0AIGCTzDK7xZqfVivVsfi9aClc8cwx9Ynz8OoJEJ</latexit>

(ii)
<latexit sha1_base64="fv4pc6DVZqoAu6ojNKwIQ4CaxyU=">AAAB9HicbVDLTgJBEOzFF+IL9ehlIjHBC9lFEz0SvXjERB4JbMjsMAsTZh/O9BLJhu/w4kFjvPox3vwbB9iDgpV0UqnqTneXF0uh0ba/rdza+sbmVn67sLO7t39QPDxq6ihRjDdYJCPV9qjmUoS8gQIlb8eK08CTvOWNbmd+a8yVFlH4gJOYuwEdhMIXjKKR3C7yJ0zLQpyTKekVS3bFnoOsEicjJchQ7xW/uv2IJQEPkUmqdcexY3RTqlAwyaeFbqJ5TNmIDnjH0JAGXLvp/OgpOTNKn/iRMhUimau/J1IaaD0JPNMZUBzqZW8m/ud1EvSv3VSEcYI8ZItFfiIJRmSWAOkLxRnKiSGUKWFuJWxIFWVociqYEJzll1dJs1pxLirV+8tS7SaLIw8ncAplcOAKanAHdWgAg0d4hld4s8bWi/VufSxac1Y2cwx/YH3+ANePkXw=</latexit>

(symmetry)
<latexit sha1_base64="ZyM2aMw6RBj6Yy2T07/9BHOjPqY=">AAAB/HicbVDJSgNBFOyJW4xbNEcvjUGIlzATBT0GvXiMYBZIhtDTeZM06VnofiMOQ/wVLx4U8eqHePNv7CwHTSxoKKre41WXF0uh0ba/rdza+sbmVn67sLO7t39QPDxq6ShRHJo8kpHqeEyDFCE0UaCETqyABZ6Etje+mfrtB1BaROE9pjG4ARuGwhecoZH6xVIP4RGzik6DAFClZ3RC+8WyXbVnoKvEWZAyWaDRL371BhFPAgiRS6Z117FjdDOmUHAJk0Iv0RAzPmZD6BoasgC0m83CT+ipUQbUj5R5IdKZ+nsjY4E26TwzGTAc6WVvKv7ndRP0r9xMhHGCEPL5IT+RFCM6bYIOhAKOMjWEcSVMVspHTDGOpq+CKcFZ/vIqadWqznm1dndRrl8v6siTY3JCKsQhl6RObkmDNAknKXkmr+TNerJerHfrYz6asxY7JfIH1ucPdGiUoQ==</latexit>

NX

i=1

NX

j=1

aiajK (xi,xj) � 0

<latexit sha1_base64="hgUd4lZCUW2DRS5SWxISR2yjOtM="></latexit>

8(x1, . . . , xn) 2 Xn
<latexit sha1_base64="okzOb14ofOe07DYB/SF1nfQoT/8=">AAACFXicbVDLSsNAFJ3UV62vqks3g0WoUEpSBV0W3bisYB/QxDCZTNqhk0mYmUhL6E+48VfcuFDEreDOv3HSZqGtBwYO55zL3Hu8mFGpTPPbKKysrq1vFDdLW9s7u3vl/YOOjBKBSRtHLBI9D0nCKCdtRRUjvVgQFHqMdL3RdeZ3H4iQNOJ3ahITJ0QDTgOKkdKSW67ZQSQQY7A6dq0atJkfKVmDY5efQptyaIdIDTFiaW96r+MVs27OAJeJlZMKyNFyy1+2H+EkJFxhhqTsW2asnBQJRTEj05KdSBIjPEID0teUo5BIJ51dNYUnWvGhXk8/ruBM/T2RolDKSejpZLakXPQy8T+vn6jg0kkpjxNFOJ5/FCQMqghmFUGfCoIVm2iCsKB6V4iHSCCsdJElXYK1ePIy6TTq1lm9cXteaV7ldRTBETgGVWCBC9AEN6AF2gCDR/AMXsGb8WS8GO/GxzxaMPKZQ/AHxucPnVSd4A==</latexit>

8 (a1, . . . , an) 2 Rn
<latexit sha1_base64="pAowvXAYLvelN+1YdCCC3zZBSIs=">AAACFXicbVDLSgMxFM3UV62vqks3wSJUKGWmCgpuim5cVrEP6IzDnTRtQzOZIckIZehPuPFX3LhQxK3gzr8xfSy09UDgcM655N4TxJwpbdvfVmZpeWV1Lbue29jc2t7J7+41VJRIQusk4pFsBaAoZ4LWNdOctmJJIQw4bQaDq7HffKBSsUjc6WFMvRB6gnUZAW0kP19yu5EEzt0LXATfKWGXdyKtShh8cewygd0QdD8I0tvRvYkX7LI9AV4kzowU0Aw1P//ldiKShFRowkGptmPH2ktBakY4HeXcRNEYyAB6tG2ogJAqL51cNcJHRulgs555QuOJ+nsihVCpYRiY5HhHNe+Nxf+8dqK7517KRJxoKsj0o27CsY7wuCLcYZISzYeGAJHM7IpJHyQQbYrMmRKc+ZMXSaNSdk7KlZvTQvVyVkcWHaBDVEQOOkNVdI1qqI4IekTP6BW9WU/Wi/VufUyjGWs2s4/+wPr8AVuAnbc=</latexit>

(positive-definiteness)
<latexit sha1_base64="Fa0tJgRdf2bPXJXYNGrLi4VeUSo=">AAACB3icbVDLSgNBEJyNrxhfUY+CLAYhHgy7UdBj0IvHCOYBSQizk95kyOzsMtMbDEtuXvwVLx4U8eovePNvnCR70GhBQ1HVTVPlRYJrdJwvK7O0vLK6ll3PbWxube/kd/fqOowVgxoLRaiaHtUguIQachTQjBTQwBPQ8IbXU78xAqV5KO9wHEEnoH3Jfc4oGqmbP2wj3GNSjELNkY/gtAc+lxxBgtYnk26+4JScGey/xE1JgaSodvOf7V7I4gAkMkG1brlOhJ2EKuRMwCTXjjVElA1pH1qGShqA7iSzHBP72Cg92w+VGYn2TP15kdBA63Hgmc2A4kAvelPxP68Vo3/ZSbiMYhOMzR/5sbAxtKel2D2ugKEYG0KZMkUwmw2oogxNdTlTgrsY+S+pl0vuWal8e16oXKV1ZMkBOSJF4pILUiE3pEpqhJEH8kReyKv1aD1bb9b7fDVjpTf75Besj2/OG5nm</latexit>

In other words, K is a p.d. kernel if and only if, for any N 2 N, and any set of points
<latexit sha1_base64="otmoB0u0dHUrGpBeZNSqlZI8W/g="></latexit>

set of points (x1, . . . , xn) 2 XN , the similarity matrix Ki,j = K(xi, xj)
<latexit sha1_base64="JLn5WICZz/jAH0bn/dW+z+yDIlQ="></latexit>

is positive definite.
<latexit sha1_base64="ubNb5J5wckuaiAId5bLHihi+J4Y=">AAACBnicbZC7SgNBFIZn4z3eVi29MBgEq7AbCy1FG0sFYwJJCLOTszpkdnaZORsMSyoRfBUbC0W09BnsfAZfwsml0MQfBj7+/xyG8weJFAY978vJTU3PzM7NL+QXl5ZXVt219SsTp5pDmccy1tWAGZBCQRkFSqgmGlgUSKgE7dN+XumANiJWl9hNoBGxayVCwRlaq+lu1xFuMROGJrERKDpAWxAKJRCKtNd0C17RG4hOgj+CwvHW+8X3/c77edP9rLdinkagkEtmTM33EmxkTKPgEnr5emogYbzNrqFmUbEITCMbnNGje9Zp0TDW9imkA/f3RsYiY7pRYCcjhjdmPOub/2W1FMOjRiZUkiIoPvwoTCXFmPY7oS2hgaPsWmBc2xY45TdMM462ubwtwR8/eRKuSkX/oFi6sG2ckKHmySbZJfvEJ4fkmJyRc1ImnNyRR/JMXpwH58l5dd6GozlntLNB/sj5+AFS8Jy2</latexit>

We call kernel methods, algorithm that apply kernel transformations to input data.
<latexit sha1_base64="ModgjP3ncPcMo4EPQqK5AQfbKoU="></latexit>

to input data.
<latexit sha1_base64="m8+AAZG8L91a9IMUT/IfgsZrObQ=">AAAB/nicbVDLSsNAFJ34rPUVFVeKDBbBVUjqQpdFNy5bsA9oQ5lMJu3QyYOZG7GEghs/xI0LRdz2O9z5Df6E07QLbT0wcDjnXuae4yWCK7DtL2NpeWV1bb2wUdzc2t7ZNff2GypOJWV1GotYtjyimOARqwMHwVqJZCT0BGt6g5uJ37xnUvE4uoNhwtyQ9CIecEpAS13zsAPsATKIMY+SFLBPgFijrlmyLTsHXiTOjJQqx+Pa99PJuNo1Pzt+TNOQRUAFUart2Am4GZHAqWCjYidVLCF0QHqsrWlEQqbcLD9/hM+04uMglvpFgHP190ZGQqWGoacnQwJ9Ne9NxP+8dgrBlZvlwVhEpx8FqcA67aQL7HPJKIihJoRKrm/FtE8koaAbK+oSnPnIi6RRtpwLq1zTbVyjKQroCJ2ic+SgS1RBt6iK6oiiDD2jV/RmPBovxrvxMR1dMmY7B+gPjPEPPwaZXA==</latexit>



Positive Definite Kernels

Remarks :

Definition : Positive definite Kernel

A First definition Stability properties

A positive definite kernel on a set X is a function K : X ⇥ X ! R
<latexit sha1_base64="n9WUCMyMjvV+eVbYnfXhRTykcT4="></latexit>

which satisfies
<latexit sha1_base64="SZsrV8O7dnerG5yFILMSmxV1BhI=">AAACAHicbVA9SwNBEN3zM8avUwsLm8UgWIW7KGgZtLGMYD4gCWFvM5cs2ftgd04NxzX+FRsLRWz9GXb+GzfJFZr4YODx3gwz87xYCo2O820tLa+srq0XNoqbW9s7u/befkNHieJQ55GMVMtjGqQIoY4CJbRiBSzwJDS90fXEb96D0iIK73AcQzdgg1D4gjM0Us8+7CA8YvowFHxItRG1L0DTrGeXnLIzBV0kbk5KJEetZ391+hFPAgiRS6Z123Vi7KZMoeASsmIn0RAzPmIDaBsasgB0N50+kNETo/SpHylTIdKp+nsiZYHW48AznQHDoZ73JuJ/XjtB/7KbijBOEEI+W+QnkmJEJ2nQvlDAUY4NYVwJcyvlQ6YYR5NZ0YTgzr+8SBqVsntWrtyel6pXeRwFckSOySlxyQWpkhtSI3XCSUaeySt5s56sF+vd+pi1Lln5zAH5A+vzBzgrlsw=</latexit>

K(x, x0) = K(x0, x), 8x, x0 2 X 2
<latexit sha1_base64="82aZMbHsd7xDU3BKcJHVgkHmQJI="></latexit>

(i)
<latexit sha1_base64="cjgGO5MbZ0PneEY3xjaw6yE9Nic=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoMQL2E3CnoMevEYwTwgu4TZyWwyZPbBTK8YlvyGFw+KePVnvPk3TpI9aGJBQ1HVTXeXn0ih0ba/rcLa+sbmVnG7tLO7t39QPjxq6zhVjLdYLGPV9anmUkS8hQIl7yaK09CXvOOPb2d+55ErLeLoAScJ90I6jEQgGEUjuS7yJ8yq4pxMSb9csWv2HGSVODmpQI5mv/zlDmKWhjxCJqnWPcdO0MuoQsEkn5bcVPOEsjEd8p6hEQ259rL5zVNyZpQBCWJlKkIyV39PZDTUehL6pjOkONLL3kz8z+ulGFx7mYiSFHnEFouCVBKMySwAMhCKM5QTQyhTwtxK2IgqytDEVDIhOMsvr5J2veZc1Or3l5XGTR5HEU7gFKrgwBU04A6a0AIGCTzDK7xZqfVivVsfi9aClc8cwx9Ynz8OoJEJ</latexit>

(ii)
<latexit sha1_base64="fv4pc6DVZqoAu6ojNKwIQ4CaxyU=">AAAB9HicbVDLTgJBEOzFF+IL9ehlIjHBC9lFEz0SvXjERB4JbMjsMAsTZh/O9BLJhu/w4kFjvPox3vwbB9iDgpV0UqnqTneXF0uh0ba/rdza+sbmVn67sLO7t39QPDxq6ihRjDdYJCPV9qjmUoS8gQIlb8eK08CTvOWNbmd+a8yVFlH4gJOYuwEdhMIXjKKR3C7yJ0zLQpyTKekVS3bFnoOsEicjJchQ7xW/uv2IJQEPkUmqdcexY3RTqlAwyaeFbqJ5TNmIDnjH0JAGXLvp/OgpOTNKn/iRMhUimau/J1IaaD0JPNMZUBzqZW8m/ud1EvSv3VSEcYI8ZItFfiIJRmSWAOkLxRnKiSGUKWFuJWxIFWVociqYEJzll1dJs1pxLirV+8tS7SaLIw8ncAplcOAKanAHdWgAg0d4hld4s8bWi/VufSxac1Y2cwx/YH3+ANePkXw=</latexit>

(symmetry)
<latexit sha1_base64="ZyM2aMw6RBj6Yy2T07/9BHOjPqY=">AAAB/HicbVDJSgNBFOyJW4xbNEcvjUGIlzATBT0GvXiMYBZIhtDTeZM06VnofiMOQ/wVLx4U8eqHePNv7CwHTSxoKKre41WXF0uh0ba/rdza+sbmVn67sLO7t39QPDxq6ShRHJo8kpHqeEyDFCE0UaCETqyABZ6Etje+mfrtB1BaROE9pjG4ARuGwhecoZH6xVIP4RGzik6DAFClZ3RC+8WyXbVnoKvEWZAyWaDRL371BhFPAgiRS6Z117FjdDOmUHAJk0Iv0RAzPmZD6BoasgC0m83CT+ipUQbUj5R5IdKZ+nsjY4E26TwzGTAc6WVvKv7ndRP0r9xMhHGCEPL5IT+RFCM6bYIOhAKOMjWEcSVMVspHTDGOpq+CKcFZ/vIqadWqznm1dndRrl8v6siTY3JCKsQhl6RObkmDNAknKXkmr+TNerJerHfrYz6asxY7JfIH1ucPdGiUoQ==</latexit>

NX

i=1

NX

j=1

aiajK (xi,xj) � 0

<latexit sha1_base64="hgUd4lZCUW2DRS5SWxISR2yjOtM="></latexit>

8(x1, . . . , xn) 2 Xn
<latexit sha1_base64="okzOb14ofOe07DYB/SF1nfQoT/8=">AAACFXicbVDLSsNAFJ3UV62vqks3g0WoUEpSBV0W3bisYB/QxDCZTNqhk0mYmUhL6E+48VfcuFDEreDOv3HSZqGtBwYO55zL3Hu8mFGpTPPbKKysrq1vFDdLW9s7u3vl/YOOjBKBSRtHLBI9D0nCKCdtRRUjvVgQFHqMdL3RdeZ3H4iQNOJ3ahITJ0QDTgOKkdKSW67ZQSQQY7A6dq0atJkfKVmDY5efQptyaIdIDTFiaW96r+MVs27OAJeJlZMKyNFyy1+2H+EkJFxhhqTsW2asnBQJRTEj05KdSBIjPEID0teUo5BIJ51dNYUnWvGhXk8/ruBM/T2RolDKSejpZLakXPQy8T+vn6jg0kkpjxNFOJ5/FCQMqghmFUGfCoIVm2iCsKB6V4iHSCCsdJElXYK1ePIy6TTq1lm9cXteaV7ldRTBETgGVWCBC9AEN6AF2gCDR/AMXsGb8WS8GO/GxzxaMPKZQ/AHxucPnVSd4A==</latexit>

8 (a1, . . . , an) 2 Rn
<latexit sha1_base64="pAowvXAYLvelN+1YdCCC3zZBSIs=">AAACFXicbVDLSgMxFM3UV62vqks3wSJUKGWmCgpuim5cVrEP6IzDnTRtQzOZIckIZehPuPFX3LhQxK3gzr8xfSy09UDgcM655N4TxJwpbdvfVmZpeWV1Lbue29jc2t7J7+41VJRIQusk4pFsBaAoZ4LWNdOctmJJIQw4bQaDq7HffKBSsUjc6WFMvRB6gnUZAW0kP19yu5EEzt0LXATfKWGXdyKtShh8cewygd0QdD8I0tvRvYkX7LI9AV4kzowU0Aw1P//ldiKShFRowkGptmPH2ktBakY4HeXcRNEYyAB6tG2ogJAqL51cNcJHRulgs555QuOJ+nsihVCpYRiY5HhHNe+Nxf+8dqK7517KRJxoKsj0o27CsY7wuCLcYZISzYeGAJHM7IpJHyQQbYrMmRKc+ZMXSaNSdk7KlZvTQvVyVkcWHaBDVEQOOkNVdI1qqI4IekTP6BW9WU/Wi/VufUyjGWs2s4/+wPr8AVuAnbc=</latexit>

(positive-definiteness)
<latexit sha1_base64="Fa0tJgRdf2bPXJXYNGrLi4VeUSo=">AAACB3icbVDLSgNBEJyNrxhfUY+CLAYhHgy7UdBj0IvHCOYBSQizk95kyOzsMtMbDEtuXvwVLx4U8eovePNvnCR70GhBQ1HVTVPlRYJrdJwvK7O0vLK6ll3PbWxube/kd/fqOowVgxoLRaiaHtUguIQachTQjBTQwBPQ8IbXU78xAqV5KO9wHEEnoH3Jfc4oGqmbP2wj3GNSjELNkY/gtAc+lxxBgtYnk26+4JScGey/xE1JgaSodvOf7V7I4gAkMkG1brlOhJ2EKuRMwCTXjjVElA1pH1qGShqA7iSzHBP72Cg92w+VGYn2TP15kdBA63Hgmc2A4kAvelPxP68Vo3/ZSbiMYhOMzR/5sbAxtKel2D2ugKEYG0KZMkUwmw2oogxNdTlTgrsY+S+pl0vuWal8e16oXKV1ZMkBOSJF4pILUiE3pEpqhJEH8kReyKv1aD1bb9b7fDVjpTf75Besj2/OG5nm</latexit>

In other words, K is a p.d. kernel if and only if, for any N 2 N, and any set of points
<latexit sha1_base64="otmoB0u0dHUrGpBeZNSqlZI8W/g="></latexit>

set of points (x1, . . . , xn) 2 XN , the similarity matrix Ki,j = K(xi, xj)
<latexit sha1_base64="JLn5WICZz/jAH0bn/dW+z+yDIlQ="></latexit>

is positive definite.
<latexit sha1_base64="ubNb5J5wckuaiAId5bLHihi+J4Y=">AAACBnicbZC7SgNBFIZn4z3eVi29MBgEq7AbCy1FG0sFYwJJCLOTszpkdnaZORsMSyoRfBUbC0W09BnsfAZfwsml0MQfBj7+/xyG8weJFAY978vJTU3PzM7NL+QXl5ZXVt219SsTp5pDmccy1tWAGZBCQRkFSqgmGlgUSKgE7dN+XumANiJWl9hNoBGxayVCwRlaq+lu1xFuMROGJrERKDpAWxAKJRCKtNd0C17RG4hOgj+CwvHW+8X3/c77edP9rLdinkagkEtmTM33EmxkTKPgEnr5emogYbzNrqFmUbEITCMbnNGje9Zp0TDW9imkA/f3RsYiY7pRYCcjhjdmPOub/2W1FMOjRiZUkiIoPvwoTCXFmPY7oS2hgaPsWmBc2xY45TdMM462ubwtwR8/eRKuSkX/oFi6sG2ckKHmySbZJfvEJ4fkmJyRc1ImnNyRR/JMXpwH58l5dd6GozlntLNB/sj5+AFS8Jy2</latexit>

We call kernel methods, algorithm that apply kernel transformations to input data.
<latexit sha1_base64="ModgjP3ncPcMo4EPQqK5AQfbKoU="></latexit>

to input data.
<latexit sha1_base64="m8+AAZG8L91a9IMUT/IfgsZrObQ=">AAAB/nicbVDLSsNAFJ34rPUVFVeKDBbBVUjqQpdFNy5bsA9oQ5lMJu3QyYOZG7GEghs/xI0LRdz2O9z5Df6E07QLbT0wcDjnXuae4yWCK7DtL2NpeWV1bb2wUdzc2t7ZNff2GypOJWV1GotYtjyimOARqwMHwVqJZCT0BGt6g5uJ37xnUvE4uoNhwtyQ9CIecEpAS13zsAPsATKIMY+SFLBPgFijrlmyLTsHXiTOjJQqx+Pa99PJuNo1Pzt+TNOQRUAFUart2Am4GZHAqWCjYidVLCF0QHqsrWlEQqbcLD9/hM+04uMglvpFgHP190ZGQqWGoacnQwJ9Ne9NxP+8dgrBlZvlwVhEpx8FqcA67aQL7HPJKIihJoRKrm/FtE8koaAbK+oSnPnIi6RRtpwLq1zTbVyjKQroCJ2ic+SgS1RBt6iK6oiiDD2jV/RmPBovxrvxMR1dMmY7B+gPjPEPPwaZXA==</latexit>

Proposition : Stability through elementary operations

Let K1,K2 be two positive definite kernels. Let c > 0.
<latexit sha1_base64="DmdRFmDK7gz7r6rbQzOR/YN9iso="></latexit>

Then
<latexit sha1_base64="P429CbAqwCzOdpX6Lh2ueatXYrg=">AAAB9HicbVDLSgNBEJz1GeMr6tHLYBA8hd0o6DHoxWOEvCBZwuykkwyZnV1neoNhyXd48aCIVz/Gm3/jJNmDJhY0FFXddHcFsRQGXffbWVvf2Nzazu3kd/f2Dw4LR8cNEyWaQ51HMtKtgBmQQkEdBUpoxRpYGEhoBqO7md8cgzYiUjWcxOCHbKBEX3CGVvI7CE+Y1oagppR2C0W35M5BV4mXkSLJUO0Wvjq9iCchKOSSGdP23Bj9lGkUXMI030kMxIyP2ADalioWgvHT+dFTem6VHu1H2pZCOld/T6QsNGYSBrYzZDg0y95M/M9rJ9i/8VOh4gRB8cWifiIpRnSWAO0JDRzlxBLGtbC3Uj5kmnG0OeVtCN7yy6ukUS55l6Xyw1WxcpvFkSOn5IxcEI9ckwq5J1VSJ5w8kmfySt6csfPivDsfi9Y1J5s5IX/gfP4AfW2R6A==</latexit>

(i) K1 +K2 is a positive definite kernel.
<latexit sha1_base64="G9YkaAd68tpXiDVXt0A+ynckRzo=">AAACJXicbVDLSgNBEJz1bXxFPXppDIIihN0o6MGD6EXwEsFEIQlhdtKrQ2Znl5leMSz5GS/+ihcPigie/BUnj4Ovgm6Kqm6arjBV0pLvf3gTk1PTM7Nz84WFxaXlleLqWt0mmRFYE4lKzHXILSqpsUaSFF6nBnkcKrwKu6cD/+oOjZWJvqReiq2Y32gZScHJSe3iUZPwnvJtuQN9OG8HsOt6BUYqSAsc0sRKkncIHYykloTQRaNRlfvtYskv+0PAXxKMSYmNUW0XX5udRGQxahKKW9sI/JRaOTckhcJ+oZlZTLno8htsOKp5jLaVD7/sw5ZTOhAlxpUmGKrfN3IeW9uLQzcZc7q1v72B+J/XyCg6bOVSpxmhFqNDUaaAEhhEBh1pUJDqOcKFcVkIELfccEEu2IILIfj98l9Sr5SDvXLlYr90fDKOY45tsE22zQJ2wI7ZGauyGhPsgT2xF/bqPXrP3pv3Phqd8MY76+wHvM8v6MCjvA==</latexit>

(ii) c ·K1 is a positive definite kernel.
<latexit sha1_base64="rTS6F3ImIcywM2ukBxrITfeX8VQ="></latexit>

(iii) K1 ·K2 is a positive definite kernel.
<latexit sha1_base64="PEcArYXdFmRLtFoFQmjP3rvX8es="></latexit>

Proof : on the blackboard.



Positive Definite Kernels

Remarks :

Definition : Positive definite Kernel

A First definition Stability properties

A positive definite kernel on a set X is a function K : X ⇥ X ! R
<latexit sha1_base64="n9WUCMyMjvV+eVbYnfXhRTykcT4="></latexit>

which satisfies
<latexit sha1_base64="SZsrV8O7dnerG5yFILMSmxV1BhI=">AAACAHicbVA9SwNBEN3zM8avUwsLm8UgWIW7KGgZtLGMYD4gCWFvM5cs2ftgd04NxzX+FRsLRWz9GXb+GzfJFZr4YODx3gwz87xYCo2O820tLa+srq0XNoqbW9s7u/befkNHieJQ55GMVMtjGqQIoY4CJbRiBSzwJDS90fXEb96D0iIK73AcQzdgg1D4gjM0Us8+7CA8YvowFHxItRG1L0DTrGeXnLIzBV0kbk5KJEetZ391+hFPAgiRS6Z123Vi7KZMoeASsmIn0RAzPmIDaBsasgB0N50+kNETo/SpHylTIdKp+nsiZYHW48AznQHDoZ73JuJ/XjtB/7KbijBOEEI+W+QnkmJEJ2nQvlDAUY4NYVwJcyvlQ6YYR5NZ0YTgzr+8SBqVsntWrtyel6pXeRwFckSOySlxyQWpkhtSI3XCSUaeySt5s56sF+vd+pi1Lln5zAH5A+vzBzgrlsw=</latexit>

K(x, x0) = K(x0, x), 8x, x0 2 X 2
<latexit sha1_base64="82aZMbHsd7xDU3BKcJHVgkHmQJI="></latexit>

(i)
<latexit sha1_base64="cjgGO5MbZ0PneEY3xjaw6yE9Nic=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoMQL2E3CnoMevEYwTwgu4TZyWwyZPbBTK8YlvyGFw+KePVnvPk3TpI9aGJBQ1HVTXeXn0ih0ba/rcLa+sbmVnG7tLO7t39QPjxq6zhVjLdYLGPV9anmUkS8hQIl7yaK09CXvOOPb2d+55ErLeLoAScJ90I6jEQgGEUjuS7yJ8yq4pxMSb9csWv2HGSVODmpQI5mv/zlDmKWhjxCJqnWPcdO0MuoQsEkn5bcVPOEsjEd8p6hEQ259rL5zVNyZpQBCWJlKkIyV39PZDTUehL6pjOkONLL3kz8z+ulGFx7mYiSFHnEFouCVBKMySwAMhCKM5QTQyhTwtxK2IgqytDEVDIhOMsvr5J2veZc1Or3l5XGTR5HEU7gFKrgwBU04A6a0AIGCTzDK7xZqfVivVsfi9aClc8cwx9Ynz8OoJEJ</latexit>

(ii)
<latexit sha1_base64="fv4pc6DVZqoAu6ojNKwIQ4CaxyU=">AAAB9HicbVDLTgJBEOzFF+IL9ehlIjHBC9lFEz0SvXjERB4JbMjsMAsTZh/O9BLJhu/w4kFjvPox3vwbB9iDgpV0UqnqTneXF0uh0ba/rdza+sbmVn67sLO7t39QPDxq6ihRjDdYJCPV9qjmUoS8gQIlb8eK08CTvOWNbmd+a8yVFlH4gJOYuwEdhMIXjKKR3C7yJ0zLQpyTKekVS3bFnoOsEicjJchQ7xW/uv2IJQEPkUmqdcexY3RTqlAwyaeFbqJ5TNmIDnjH0JAGXLvp/OgpOTNKn/iRMhUimau/J1IaaD0JPNMZUBzqZW8m/ud1EvSv3VSEcYI8ZItFfiIJRmSWAOkLxRnKiSGUKWFuJWxIFWVociqYEJzll1dJs1pxLirV+8tS7SaLIw8ncAplcOAKanAHdWgAg0d4hld4s8bWi/VufSxac1Y2cwx/YH3+ANePkXw=</latexit>

(symmetry)
<latexit sha1_base64="ZyM2aMw6RBj6Yy2T07/9BHOjPqY=">AAAB/HicbVDJSgNBFOyJW4xbNEcvjUGIlzATBT0GvXiMYBZIhtDTeZM06VnofiMOQ/wVLx4U8eqHePNv7CwHTSxoKKre41WXF0uh0ba/rdza+sbmVn67sLO7t39QPDxq6ShRHJo8kpHqeEyDFCE0UaCETqyABZ6Etje+mfrtB1BaROE9pjG4ARuGwhecoZH6xVIP4RGzik6DAFClZ3RC+8WyXbVnoKvEWZAyWaDRL371BhFPAgiRS6Z117FjdDOmUHAJk0Iv0RAzPmZD6BoasgC0m83CT+ipUQbUj5R5IdKZ+nsjY4E26TwzGTAc6WVvKv7ndRP0r9xMhHGCEPL5IT+RFCM6bYIOhAKOMjWEcSVMVspHTDGOpq+CKcFZ/vIqadWqznm1dndRrl8v6siTY3JCKsQhl6RObkmDNAknKXkmr+TNerJerHfrYz6asxY7JfIH1ucPdGiUoQ==</latexit>

NX

i=1

NX

j=1

aiajK (xi,xj) � 0

<latexit sha1_base64="hgUd4lZCUW2DRS5SWxISR2yjOtM="></latexit>

8(x1, . . . , xn) 2 Xn
<latexit sha1_base64="okzOb14ofOe07DYB/SF1nfQoT/8=">AAACFXicbVDLSsNAFJ3UV62vqks3g0WoUEpSBV0W3bisYB/QxDCZTNqhk0mYmUhL6E+48VfcuFDEreDOv3HSZqGtBwYO55zL3Hu8mFGpTPPbKKysrq1vFDdLW9s7u3vl/YOOjBKBSRtHLBI9D0nCKCdtRRUjvVgQFHqMdL3RdeZ3H4iQNOJ3ahITJ0QDTgOKkdKSW67ZQSQQY7A6dq0atJkfKVmDY5efQptyaIdIDTFiaW96r+MVs27OAJeJlZMKyNFyy1+2H+EkJFxhhqTsW2asnBQJRTEj05KdSBIjPEID0teUo5BIJ51dNYUnWvGhXk8/ruBM/T2RolDKSejpZLakXPQy8T+vn6jg0kkpjxNFOJ5/FCQMqghmFUGfCoIVm2iCsKB6V4iHSCCsdJElXYK1ePIy6TTq1lm9cXteaV7ldRTBETgGVWCBC9AEN6AF2gCDR/AMXsGb8WS8GO/GxzxaMPKZQ/AHxucPnVSd4A==</latexit>

8 (a1, . . . , an) 2 Rn
<latexit sha1_base64="pAowvXAYLvelN+1YdCCC3zZBSIs=">AAACFXicbVDLSgMxFM3UV62vqks3wSJUKGWmCgpuim5cVrEP6IzDnTRtQzOZIckIZehPuPFX3LhQxK3gzr8xfSy09UDgcM655N4TxJwpbdvfVmZpeWV1Lbue29jc2t7J7+41VJRIQusk4pFsBaAoZ4LWNdOctmJJIQw4bQaDq7HffKBSsUjc6WFMvRB6gnUZAW0kP19yu5EEzt0LXATfKWGXdyKtShh8cewygd0QdD8I0tvRvYkX7LI9AV4kzowU0Aw1P//ldiKShFRowkGptmPH2ktBakY4HeXcRNEYyAB6tG2ogJAqL51cNcJHRulgs555QuOJ+nsihVCpYRiY5HhHNe+Nxf+8dqK7517KRJxoKsj0o27CsY7wuCLcYZISzYeGAJHM7IpJHyQQbYrMmRKc+ZMXSaNSdk7KlZvTQvVyVkcWHaBDVEQOOkNVdI1qqI4IekTP6BW9WU/Wi/VufUyjGWs2s4/+wPr8AVuAnbc=</latexit>

(positive-definiteness)
<latexit sha1_base64="Fa0tJgRdf2bPXJXYNGrLi4VeUSo=">AAACB3icbVDLSgNBEJyNrxhfUY+CLAYhHgy7UdBj0IvHCOYBSQizk95kyOzsMtMbDEtuXvwVLx4U8eovePNvnCR70GhBQ1HVTVPlRYJrdJwvK7O0vLK6ll3PbWxube/kd/fqOowVgxoLRaiaHtUguIQachTQjBTQwBPQ8IbXU78xAqV5KO9wHEEnoH3Jfc4oGqmbP2wj3GNSjELNkY/gtAc+lxxBgtYnk26+4JScGey/xE1JgaSodvOf7V7I4gAkMkG1brlOhJ2EKuRMwCTXjjVElA1pH1qGShqA7iSzHBP72Cg92w+VGYn2TP15kdBA63Hgmc2A4kAvelPxP68Vo3/ZSbiMYhOMzR/5sbAxtKel2D2ugKEYG0KZMkUwmw2oogxNdTlTgrsY+S+pl0vuWal8e16oXKV1ZMkBOSJF4pILUiE3pEpqhJEH8kReyKv1aD1bb9b7fDVjpTf75Besj2/OG5nm</latexit>

In other words, K is a p.d. kernel if and only if, for any N 2 N, and any set of points
<latexit sha1_base64="otmoB0u0dHUrGpBeZNSqlZI8W/g="></latexit>

set of points (x1, . . . , xn) 2 XN , the similarity matrix Ki,j = K(xi, xj)
<latexit sha1_base64="JLn5WICZz/jAH0bn/dW+z+yDIlQ="></latexit>

is positive definite.
<latexit sha1_base64="ubNb5J5wckuaiAId5bLHihi+J4Y=">AAACBnicbZC7SgNBFIZn4z3eVi29MBgEq7AbCy1FG0sFYwJJCLOTszpkdnaZORsMSyoRfBUbC0W09BnsfAZfwsml0MQfBj7+/xyG8weJFAY978vJTU3PzM7NL+QXl5ZXVt219SsTp5pDmccy1tWAGZBCQRkFSqgmGlgUSKgE7dN+XumANiJWl9hNoBGxayVCwRlaq+lu1xFuMROGJrERKDpAWxAKJRCKtNd0C17RG4hOgj+CwvHW+8X3/c77edP9rLdinkagkEtmTM33EmxkTKPgEnr5emogYbzNrqFmUbEITCMbnNGje9Zp0TDW9imkA/f3RsYiY7pRYCcjhjdmPOub/2W1FMOjRiZUkiIoPvwoTCXFmPY7oS2hgaPsWmBc2xY45TdMM462ubwtwR8/eRKuSkX/oFi6sG2ckKHmySbZJfvEJ4fkmJyRc1ImnNyRR/JMXpwH58l5dd6GozlntLNB/sj5+AFS8Jy2</latexit>

We call kernel methods, algorithm that apply kernel transformations to input data.
<latexit sha1_base64="ModgjP3ncPcMo4EPQqK5AQfbKoU="></latexit>

to input data.
<latexit sha1_base64="m8+AAZG8L91a9IMUT/IfgsZrObQ=">AAAB/nicbVDLSsNAFJ34rPUVFVeKDBbBVUjqQpdFNy5bsA9oQ5lMJu3QyYOZG7GEghs/xI0LRdz2O9z5Df6E07QLbT0wcDjnXuae4yWCK7DtL2NpeWV1bb2wUdzc2t7ZNff2GypOJWV1GotYtjyimOARqwMHwVqJZCT0BGt6g5uJ37xnUvE4uoNhwtyQ9CIecEpAS13zsAPsATKIMY+SFLBPgFijrlmyLTsHXiTOjJQqx+Pa99PJuNo1Pzt+TNOQRUAFUart2Am4GZHAqWCjYidVLCF0QHqsrWlEQqbcLD9/hM+04uMglvpFgHP190ZGQqWGoacnQwJ9Ne9NxP+8dgrBlZvlwVhEpx8FqcA67aQL7HPJKIihJoRKrm/FtE8koaAbK+oSnPnIi6RRtpwLq1zTbVyjKQroCJ2ic+SgS1RBt6iK6oiiDD2jV/RmPBovxrvxMR1dMmY7B+gPjPEPPwaZXA==</latexit>

Proposition : Stability through elementary operations

Let K1,K2 be two positive definite kernels. Let c > 0.
<latexit sha1_base64="DmdRFmDK7gz7r6rbQzOR/YN9iso="></latexit>

Then
<latexit sha1_base64="P429CbAqwCzOdpX6Lh2ueatXYrg=">AAAB9HicbVDLSgNBEJz1GeMr6tHLYBA8hd0o6DHoxWOEvCBZwuykkwyZnV1neoNhyXd48aCIVz/Gm3/jJNmDJhY0FFXddHcFsRQGXffbWVvf2Nzazu3kd/f2Dw4LR8cNEyWaQ51HMtKtgBmQQkEdBUpoxRpYGEhoBqO7md8cgzYiUjWcxOCHbKBEX3CGVvI7CE+Y1oagppR2C0W35M5BV4mXkSLJUO0Wvjq9iCchKOSSGdP23Bj9lGkUXMI030kMxIyP2ADalioWgvHT+dFTem6VHu1H2pZCOld/T6QsNGYSBrYzZDg0y95M/M9rJ9i/8VOh4gRB8cWifiIpRnSWAO0JDRzlxBLGtbC3Uj5kmnG0OeVtCN7yy6ukUS55l6Xyw1WxcpvFkSOn5IxcEI9ckwq5J1VSJ5w8kmfySt6csfPivDsfi9Y1J5s5IX/gfP4AfW2R6A==</latexit>

(i) K1 +K2 is a positive definite kernel.
<latexit sha1_base64="G9YkaAd68tpXiDVXt0A+ynckRzo=">AAACJXicbVDLSgNBEJz1bXxFPXppDIIihN0o6MGD6EXwEsFEIQlhdtKrQ2Znl5leMSz5GS/+ihcPigie/BUnj4Ovgm6Kqm6arjBV0pLvf3gTk1PTM7Nz84WFxaXlleLqWt0mmRFYE4lKzHXILSqpsUaSFF6nBnkcKrwKu6cD/+oOjZWJvqReiq2Y32gZScHJSe3iUZPwnvJtuQN9OG8HsOt6BUYqSAsc0sRKkncIHYykloTQRaNRlfvtYskv+0PAXxKMSYmNUW0XX5udRGQxahKKW9sI/JRaOTckhcJ+oZlZTLno8htsOKp5jLaVD7/sw5ZTOhAlxpUmGKrfN3IeW9uLQzcZc7q1v72B+J/XyCg6bOVSpxmhFqNDUaaAEhhEBh1pUJDqOcKFcVkIELfccEEu2IILIfj98l9Sr5SDvXLlYr90fDKOY45tsE22zQJ2wI7ZGauyGhPsgT2xF/bqPXrP3pv3Phqd8MY76+wHvM8v6MCjvA==</latexit>

(ii) c ·K1 is a positive definite kernel.
<latexit sha1_base64="rTS6F3ImIcywM2ukBxrITfeX8VQ="></latexit>

(iii) K1 ·K2 is a positive definite kernel.
<latexit sha1_base64="PEcArYXdFmRLtFoFQmjP3rvX8es="></latexit>

Proposition : Pointwise limit of p.d. kernels

Proof : on the blackboard.

Let (Ki)i�0 be a sequence of p.d. kernels that converges pointwise to a function K.
<latexit sha1_base64="jVRS4BiZAziRiaLflX6COFPQQPw="></latexit>

to a function K. Then K is also a p.d. kernel.
<latexit sha1_base64="dT86fXJETuG4N71YLXjBO1tOFiA=">AAACMHicbVDLSgMxFM3Ud31VXboJFsHVMFMFXYouFNxU6ENoS8mkd2xoJjMkd8Qy9JPc+Cm6UVDErV9hpq3g60Dg5JxzSe4JEikMet6zU5iZnZtfWFwqLq+srq2XNjYbJk41hzqPZayvAmZACgV1FCjhKtHAokBCMxic5n7zBrQRsarhMIFOxK6VCAVnaKVu6ayNcIsZxpTRMFU8V+mIXrh0YtBaH8bC110YyqTJ44nbc+kAtAI5crulsud6Y9C/xJ+SMpmi2i09tHsxTyNQyCUzpuV7CXYyplFwCaNiOzWQMD5g19CyVLEITCcbLzyiu1bp0TDW9iikY/X7RMYiY4ZRYJMRw7757eXif14rxfCokwmVpAiKTx4KU0ltP3l7tCc0cJRDSxjXwv6V8j7TjKPtuGhL8H+v/Jc0Kq6/71YuD8rHJ9M6Fsk22SF7xCeH5JickyqpE07uyCN5Ia/OvfPkvDnvk2jBmc5skR9wPj4B9geoSA==</latexit>

Proof : on the blackboard.



Proof : on the blackboard.

Positive Definite Kernels

Remarks :

Definition : Positive definite Kernel

A First definition Stability properties

A positive definite kernel on a set X is a function K : X ⇥ X ! R
<latexit sha1_base64="n9WUCMyMjvV+eVbYnfXhRTykcT4="></latexit>

which satisfies
<latexit sha1_base64="SZsrV8O7dnerG5yFILMSmxV1BhI=">AAACAHicbVA9SwNBEN3zM8avUwsLm8UgWIW7KGgZtLGMYD4gCWFvM5cs2ftgd04NxzX+FRsLRWz9GXb+GzfJFZr4YODx3gwz87xYCo2O820tLa+srq0XNoqbW9s7u/befkNHieJQ55GMVMtjGqQIoY4CJbRiBSzwJDS90fXEb96D0iIK73AcQzdgg1D4gjM0Us8+7CA8YvowFHxItRG1L0DTrGeXnLIzBV0kbk5KJEetZ391+hFPAgiRS6Z123Vi7KZMoeASsmIn0RAzPmIDaBsasgB0N50+kNETo/SpHylTIdKp+nsiZYHW48AznQHDoZ73JuJ/XjtB/7KbijBOEEI+W+QnkmJEJ2nQvlDAUY4NYVwJcyvlQ6YYR5NZ0YTgzr+8SBqVsntWrtyel6pXeRwFckSOySlxyQWpkhtSI3XCSUaeySt5s56sF+vd+pi1Lln5zAH5A+vzBzgrlsw=</latexit>

K(x, x0) = K(x0, x), 8x, x0 2 X 2
<latexit sha1_base64="82aZMbHsd7xDU3BKcJHVgkHmQJI="></latexit>

(i)
<latexit sha1_base64="cjgGO5MbZ0PneEY3xjaw6yE9Nic=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoMQL2E3CnoMevEYwTwgu4TZyWwyZPbBTK8YlvyGFw+KePVnvPk3TpI9aGJBQ1HVTXeXn0ih0ba/rcLa+sbmVnG7tLO7t39QPjxq6zhVjLdYLGPV9anmUkS8hQIl7yaK09CXvOOPb2d+55ErLeLoAScJ90I6jEQgGEUjuS7yJ8yq4pxMSb9csWv2HGSVODmpQI5mv/zlDmKWhjxCJqnWPcdO0MuoQsEkn5bcVPOEsjEd8p6hEQ259rL5zVNyZpQBCWJlKkIyV39PZDTUehL6pjOkONLL3kz8z+ulGFx7mYiSFHnEFouCVBKMySwAMhCKM5QTQyhTwtxK2IgqytDEVDIhOMsvr5J2veZc1Or3l5XGTR5HEU7gFKrgwBU04A6a0AIGCTzDK7xZqfVivVsfi9aClc8cwx9Ynz8OoJEJ</latexit>

(ii)
<latexit sha1_base64="fv4pc6DVZqoAu6ojNKwIQ4CaxyU=">AAAB9HicbVDLTgJBEOzFF+IL9ehlIjHBC9lFEz0SvXjERB4JbMjsMAsTZh/O9BLJhu/w4kFjvPox3vwbB9iDgpV0UqnqTneXF0uh0ba/rdza+sbmVn67sLO7t39QPDxq6ihRjDdYJCPV9qjmUoS8gQIlb8eK08CTvOWNbmd+a8yVFlH4gJOYuwEdhMIXjKKR3C7yJ0zLQpyTKekVS3bFnoOsEicjJchQ7xW/uv2IJQEPkUmqdcexY3RTqlAwyaeFbqJ5TNmIDnjH0JAGXLvp/OgpOTNKn/iRMhUimau/J1IaaD0JPNMZUBzqZW8m/ud1EvSv3VSEcYI8ZItFfiIJRmSWAOkLxRnKiSGUKWFuJWxIFWVociqYEJzll1dJs1pxLirV+8tS7SaLIw8ncAplcOAKanAHdWgAg0d4hld4s8bWi/VufSxac1Y2cwx/YH3+ANePkXw=</latexit>

(symmetry)
<latexit sha1_base64="ZyM2aMw6RBj6Yy2T07/9BHOjPqY=">AAAB/HicbVDJSgNBFOyJW4xbNEcvjUGIlzATBT0GvXiMYBZIhtDTeZM06VnofiMOQ/wVLx4U8eqHePNv7CwHTSxoKKre41WXF0uh0ba/rdza+sbmVn67sLO7t39QPDxq6ShRHJo8kpHqeEyDFCE0UaCETqyABZ6Etje+mfrtB1BaROE9pjG4ARuGwhecoZH6xVIP4RGzik6DAFClZ3RC+8WyXbVnoKvEWZAyWaDRL371BhFPAgiRS6Z117FjdDOmUHAJk0Iv0RAzPmZD6BoasgC0m83CT+ipUQbUj5R5IdKZ+nsjY4E26TwzGTAc6WVvKv7ndRP0r9xMhHGCEPL5IT+RFCM6bYIOhAKOMjWEcSVMVspHTDGOpq+CKcFZ/vIqadWqznm1dndRrl8v6siTY3JCKsQhl6RObkmDNAknKXkmr+TNerJerHfrYz6asxY7JfIH1ucPdGiUoQ==</latexit>

NX

i=1

NX

j=1

aiajK (xi,xj) � 0

<latexit sha1_base64="hgUd4lZCUW2DRS5SWxISR2yjOtM="></latexit>

8(x1, . . . , xn) 2 Xn
<latexit sha1_base64="okzOb14ofOe07DYB/SF1nfQoT/8=">AAACFXicbVDLSsNAFJ3UV62vqks3g0WoUEpSBV0W3bisYB/QxDCZTNqhk0mYmUhL6E+48VfcuFDEreDOv3HSZqGtBwYO55zL3Hu8mFGpTPPbKKysrq1vFDdLW9s7u3vl/YOOjBKBSRtHLBI9D0nCKCdtRRUjvVgQFHqMdL3RdeZ3H4iQNOJ3ahITJ0QDTgOKkdKSW67ZQSQQY7A6dq0atJkfKVmDY5efQptyaIdIDTFiaW96r+MVs27OAJeJlZMKyNFyy1+2H+EkJFxhhqTsW2asnBQJRTEj05KdSBIjPEID0teUo5BIJ51dNYUnWvGhXk8/ruBM/T2RolDKSejpZLakXPQy8T+vn6jg0kkpjxNFOJ5/FCQMqghmFUGfCoIVm2iCsKB6V4iHSCCsdJElXYK1ePIy6TTq1lm9cXteaV7ldRTBETgGVWCBC9AEN6AF2gCDR/AMXsGb8WS8GO/GxzxaMPKZQ/AHxucPnVSd4A==</latexit>

8 (a1, . . . , an) 2 Rn
<latexit sha1_base64="pAowvXAYLvelN+1YdCCC3zZBSIs=">AAACFXicbVDLSgMxFM3UV62vqks3wSJUKGWmCgpuim5cVrEP6IzDnTRtQzOZIckIZehPuPFX3LhQxK3gzr8xfSy09UDgcM655N4TxJwpbdvfVmZpeWV1Lbue29jc2t7J7+41VJRIQusk4pFsBaAoZ4LWNdOctmJJIQw4bQaDq7HffKBSsUjc6WFMvRB6gnUZAW0kP19yu5EEzt0LXATfKWGXdyKtShh8cewygd0QdD8I0tvRvYkX7LI9AV4kzowU0Aw1P//ldiKShFRowkGptmPH2ktBakY4HeXcRNEYyAB6tG2ogJAqL51cNcJHRulgs555QuOJ+nsihVCpYRiY5HhHNe+Nxf+8dqK7517KRJxoKsj0o27CsY7wuCLcYZISzYeGAJHM7IpJHyQQbYrMmRKc+ZMXSaNSdk7KlZvTQvVyVkcWHaBDVEQOOkNVdI1qqI4IekTP6BW9WU/Wi/VufUyjGWs2s4/+wPr8AVuAnbc=</latexit>

(positive-definiteness)
<latexit sha1_base64="Fa0tJgRdf2bPXJXYNGrLi4VeUSo=">AAACB3icbVDLSgNBEJyNrxhfUY+CLAYhHgy7UdBj0IvHCOYBSQizk95kyOzsMtMbDEtuXvwVLx4U8eovePNvnCR70GhBQ1HVTVPlRYJrdJwvK7O0vLK6ll3PbWxube/kd/fqOowVgxoLRaiaHtUguIQachTQjBTQwBPQ8IbXU78xAqV5KO9wHEEnoH3Jfc4oGqmbP2wj3GNSjELNkY/gtAc+lxxBgtYnk26+4JScGey/xE1JgaSodvOf7V7I4gAkMkG1brlOhJ2EKuRMwCTXjjVElA1pH1qGShqA7iSzHBP72Cg92w+VGYn2TP15kdBA63Hgmc2A4kAvelPxP68Vo3/ZSbiMYhOMzR/5sbAxtKel2D2ugKEYG0KZMkUwmw2oogxNdTlTgrsY+S+pl0vuWal8e16oXKV1ZMkBOSJF4pILUiE3pEpqhJEH8kReyKv1aD1bb9b7fDVjpTf75Besj2/OG5nm</latexit>

In other words, K is a p.d. kernel if and only if, for any N 2 N, and any set of points
<latexit sha1_base64="otmoB0u0dHUrGpBeZNSqlZI8W/g="></latexit>

set of points (x1, . . . , xn) 2 XN , the similarity matrix Ki,j = K(xi, xj)
<latexit sha1_base64="JLn5WICZz/jAH0bn/dW+z+yDIlQ="></latexit>

is positive definite.
<latexit sha1_base64="ubNb5J5wckuaiAId5bLHihi+J4Y=">AAACBnicbZC7SgNBFIZn4z3eVi29MBgEq7AbCy1FG0sFYwJJCLOTszpkdnaZORsMSyoRfBUbC0W09BnsfAZfwsml0MQfBj7+/xyG8weJFAY978vJTU3PzM7NL+QXl5ZXVt219SsTp5pDmccy1tWAGZBCQRkFSqgmGlgUSKgE7dN+XumANiJWl9hNoBGxayVCwRlaq+lu1xFuMROGJrERKDpAWxAKJRCKtNd0C17RG4hOgj+CwvHW+8X3/c77edP9rLdinkagkEtmTM33EmxkTKPgEnr5emogYbzNrqFmUbEITCMbnNGje9Zp0TDW9imkA/f3RsYiY7pRYCcjhjdmPOub/2W1FMOjRiZUkiIoPvwoTCXFmPY7oS2hgaPsWmBc2xY45TdMM462ubwtwR8/eRKuSkX/oFi6sG2ckKHmySbZJfvEJ4fkmJyRc1ImnNyRR/JMXpwH58l5dd6GozlntLNB/sj5+AFS8Jy2</latexit>

We call kernel methods, algorithm that apply kernel transformations to input data.
<latexit sha1_base64="ModgjP3ncPcMo4EPQqK5AQfbKoU="></latexit>

to input data.
<latexit sha1_base64="m8+AAZG8L91a9IMUT/IfgsZrObQ=">AAAB/nicbVDLSsNAFJ34rPUVFVeKDBbBVUjqQpdFNy5bsA9oQ5lMJu3QyYOZG7GEghs/xI0LRdz2O9z5Df6E07QLbT0wcDjnXuae4yWCK7DtL2NpeWV1bb2wUdzc2t7ZNff2GypOJWV1GotYtjyimOARqwMHwVqJZCT0BGt6g5uJ37xnUvE4uoNhwtyQ9CIecEpAS13zsAPsATKIMY+SFLBPgFijrlmyLTsHXiTOjJQqx+Pa99PJuNo1Pzt+TNOQRUAFUart2Am4GZHAqWCjYidVLCF0QHqsrWlEQqbcLD9/hM+04uMglvpFgHP190ZGQqWGoacnQwJ9Ne9NxP+8dgrBlZvlwVhEpx8FqcA67aQL7HPJKIihJoRKrm/FtE8koaAbK+oSnPnIi6RRtpwLq1zTbVyjKQroCJ2ic+SgS1RBt6iK6oiiDD2jV/RmPBovxrvxMR1dMmY7B+gPjPEPPwaZXA==</latexit>

Proposition : Stability through elementary operations

Let K1,K2 be two positive definite kernels. Let c > 0.
<latexit sha1_base64="DmdRFmDK7gz7r6rbQzOR/YN9iso="></latexit>

Then
<latexit sha1_base64="P429CbAqwCzOdpX6Lh2ueatXYrg=">AAAB9HicbVDLSgNBEJz1GeMr6tHLYBA8hd0o6DHoxWOEvCBZwuykkwyZnV1neoNhyXd48aCIVz/Gm3/jJNmDJhY0FFXddHcFsRQGXffbWVvf2Nzazu3kd/f2Dw4LR8cNEyWaQ51HMtKtgBmQQkEdBUpoxRpYGEhoBqO7md8cgzYiUjWcxOCHbKBEX3CGVvI7CE+Y1oagppR2C0W35M5BV4mXkSLJUO0Wvjq9iCchKOSSGdP23Bj9lGkUXMI030kMxIyP2ADalioWgvHT+dFTem6VHu1H2pZCOld/T6QsNGYSBrYzZDg0y95M/M9rJ9i/8VOh4gRB8cWifiIpRnSWAO0JDRzlxBLGtbC3Uj5kmnG0OeVtCN7yy6ukUS55l6Xyw1WxcpvFkSOn5IxcEI9ckwq5J1VSJ5w8kmfySt6csfPivDsfi9Y1J5s5IX/gfP4AfW2R6A==</latexit>

(i) K1 +K2 is a positive definite kernel.
<latexit sha1_base64="G9YkaAd68tpXiDVXt0A+ynckRzo=">AAACJXicbVDLSgNBEJz1bXxFPXppDIIihN0o6MGD6EXwEsFEIQlhdtKrQ2Znl5leMSz5GS/+ihcPigie/BUnj4Ovgm6Kqm6arjBV0pLvf3gTk1PTM7Nz84WFxaXlleLqWt0mmRFYE4lKzHXILSqpsUaSFF6nBnkcKrwKu6cD/+oOjZWJvqReiq2Y32gZScHJSe3iUZPwnvJtuQN9OG8HsOt6BUYqSAsc0sRKkncIHYykloTQRaNRlfvtYskv+0PAXxKMSYmNUW0XX5udRGQxahKKW9sI/JRaOTckhcJ+oZlZTLno8htsOKp5jLaVD7/sw5ZTOhAlxpUmGKrfN3IeW9uLQzcZc7q1v72B+J/XyCg6bOVSpxmhFqNDUaaAEhhEBh1pUJDqOcKFcVkIELfccEEu2IILIfj98l9Sr5SDvXLlYr90fDKOY45tsE22zQJ2wI7ZGauyGhPsgT2xF/bqPXrP3pv3Phqd8MY76+wHvM8v6MCjvA==</latexit>

(ii) c ·K1 is a positive definite kernel.
<latexit sha1_base64="rTS6F3ImIcywM2ukBxrITfeX8VQ="></latexit>

(iii) K1 ·K2 is a positive definite kernel.
<latexit sha1_base64="PEcArYXdFmRLtFoFQmjP3rvX8es="></latexit>

Proposition : Pointwise limit of p.d. kernels

Proof : on the blackboard.

Let (Ki)i�0 be a sequence of p.d. kernels that converges pointwise to a function K.
<latexit sha1_base64="jVRS4BiZAziRiaLflX6COFPQQPw="></latexit>

to a function K. Then K is also a p.d. kernel.
<latexit sha1_base64="dT86fXJETuG4N71YLXjBO1tOFiA=">AAACMHicbVDLSgMxFM3Ud31VXboJFsHVMFMFXYouFNxU6ENoS8mkd2xoJjMkd8Qy9JPc+Cm6UVDErV9hpq3g60Dg5JxzSe4JEikMet6zU5iZnZtfWFwqLq+srq2XNjYbJk41hzqPZayvAmZACgV1FCjhKtHAokBCMxic5n7zBrQRsarhMIFOxK6VCAVnaKVu6ayNcIsZxpTRMFU8V+mIXrh0YtBaH8bC110YyqTJ44nbc+kAtAI5crulsud6Y9C/xJ+SMpmi2i09tHsxTyNQyCUzpuV7CXYyplFwCaNiOzWQMD5g19CyVLEITCcbLzyiu1bp0TDW9iikY/X7RMYiY4ZRYJMRw7757eXif14rxfCokwmVpAiKTx4KU0ltP3l7tCc0cJRDSxjXwv6V8j7TjKPtuGhL8H+v/Jc0Kq6/71YuD8rHJ9M6Fsk22SF7xCeH5JickyqpE07uyCN5Ia/OvfPkvDnvk2jBmc5skR9wPj4B9geoSA==</latexit>

Remark :

We deduce from the above properties that if K is a p.d. kernel, then eK is also a kernel.
<latexit sha1_base64="ytHbsbkBw1Ub9ZyN2oEjITcfLm0="></latexit>

then eK is also a kernel.
<latexit sha1_base64="8F1HImUPKqZSvVp3wFR3zC4dzRM=">AAACE3icbVA9SwNBEN3zM8avU0ubxSCIRbiLgpZBG8EmgvmAJIa9zSRZsrd37M6J4ch/sPGv2FgoYmtj579x81Fo4oOBx3szzMwLYikMet63s7C4tLyymlnLrm9sbm27O7sVEyWaQ5lHMtK1gBmQQkEZBUqoxRpYGEioBv3LkV+9B21EpG5xEEMzZF0lOoIztFLLPW4gPGCKPVB0SOHumk4EKgxl0kSU0T5oBTI/bLk5L++NQeeJPyU5MkWp5X412hFPQlDIJTOm7nsxNlOmUXAJw2wjMRAz3mddqFuqWAimmY5/GtJDq7RpJ9K2FNKx+nsiZaExgzCwnSHDnpn1RuJ/Xj3BznkzFSpOEBSfLOokkmJERwHRttDAUQ4sYVwLeyvlPaYZRxtj1obgz748TyqFvH+SL9yc5ooX0zgyZJ8ckCPikzNSJFekRMqEk0fyTF7Jm/PkvDjvzsekdcGZzuyRP3A+fwA8ip29</latexit>

Kn is a p.d. kernel for all n 2 N, n � 1.
<latexit sha1_base64="XCYpuBCeTrQ5fA1rQu82b2xrLs0="></latexit>



Proof : on the blackboard.

Positive Definite Kernels

Remarks :

Definition : Positive definite Kernel

A First definition Stability properties

A positive definite kernel on a set X is a function K : X ⇥ X ! R
<latexit sha1_base64="n9WUCMyMjvV+eVbYnfXhRTykcT4="></latexit>

which satisfies
<latexit sha1_base64="SZsrV8O7dnerG5yFILMSmxV1BhI=">AAACAHicbVA9SwNBEN3zM8avUwsLm8UgWIW7KGgZtLGMYD4gCWFvM5cs2ftgd04NxzX+FRsLRWz9GXb+GzfJFZr4YODx3gwz87xYCo2O820tLa+srq0XNoqbW9s7u/befkNHieJQ55GMVMtjGqQIoY4CJbRiBSzwJDS90fXEb96D0iIK73AcQzdgg1D4gjM0Us8+7CA8YvowFHxItRG1L0DTrGeXnLIzBV0kbk5KJEetZ391+hFPAgiRS6Z123Vi7KZMoeASsmIn0RAzPmIDaBsasgB0N50+kNETo/SpHylTIdKp+nsiZYHW48AznQHDoZ73JuJ/XjtB/7KbijBOEEI+W+QnkmJEJ2nQvlDAUY4NYVwJcyvlQ6YYR5NZ0YTgzr+8SBqVsntWrtyel6pXeRwFckSOySlxyQWpkhtSI3XCSUaeySt5s56sF+vd+pi1Lln5zAH5A+vzBzgrlsw=</latexit>

K(x, x0) = K(x0, x), 8x, x0 2 X 2
<latexit sha1_base64="82aZMbHsd7xDU3BKcJHVgkHmQJI="></latexit>

(i)
<latexit sha1_base64="cjgGO5MbZ0PneEY3xjaw6yE9Nic=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoMQL2E3CnoMevEYwTwgu4TZyWwyZPbBTK8YlvyGFw+KePVnvPk3TpI9aGJBQ1HVTXeXn0ih0ba/rcLa+sbmVnG7tLO7t39QPjxq6zhVjLdYLGPV9anmUkS8hQIl7yaK09CXvOOPb2d+55ErLeLoAScJ90I6jEQgGEUjuS7yJ8yq4pxMSb9csWv2HGSVODmpQI5mv/zlDmKWhjxCJqnWPcdO0MuoQsEkn5bcVPOEsjEd8p6hEQ259rL5zVNyZpQBCWJlKkIyV39PZDTUehL6pjOkONLL3kz8z+ulGFx7mYiSFHnEFouCVBKMySwAMhCKM5QTQyhTwtxK2IgqytDEVDIhOMsvr5J2veZc1Or3l5XGTR5HEU7gFKrgwBU04A6a0AIGCTzDK7xZqfVivVsfi9aClc8cwx9Ynz8OoJEJ</latexit>

(ii)
<latexit sha1_base64="fv4pc6DVZqoAu6ojNKwIQ4CaxyU=">AAAB9HicbVDLTgJBEOzFF+IL9ehlIjHBC9lFEz0SvXjERB4JbMjsMAsTZh/O9BLJhu/w4kFjvPox3vwbB9iDgpV0UqnqTneXF0uh0ba/rdza+sbmVn67sLO7t39QPDxq6ihRjDdYJCPV9qjmUoS8gQIlb8eK08CTvOWNbmd+a8yVFlH4gJOYuwEdhMIXjKKR3C7yJ0zLQpyTKekVS3bFnoOsEicjJchQ7xW/uv2IJQEPkUmqdcexY3RTqlAwyaeFbqJ5TNmIDnjH0JAGXLvp/OgpOTNKn/iRMhUimau/J1IaaD0JPNMZUBzqZW8m/ud1EvSv3VSEcYI8ZItFfiIJRmSWAOkLxRnKiSGUKWFuJWxIFWVociqYEJzll1dJs1pxLirV+8tS7SaLIw8ncAplcOAKanAHdWgAg0d4hld4s8bWi/VufSxac1Y2cwx/YH3+ANePkXw=</latexit>

(symmetry)
<latexit sha1_base64="ZyM2aMw6RBj6Yy2T07/9BHOjPqY=">AAAB/HicbVDJSgNBFOyJW4xbNEcvjUGIlzATBT0GvXiMYBZIhtDTeZM06VnofiMOQ/wVLx4U8eqHePNv7CwHTSxoKKre41WXF0uh0ba/rdza+sbmVn67sLO7t39QPDxq6ShRHJo8kpHqeEyDFCE0UaCETqyABZ6Etje+mfrtB1BaROE9pjG4ARuGwhecoZH6xVIP4RGzik6DAFClZ3RC+8WyXbVnoKvEWZAyWaDRL371BhFPAgiRS6Z117FjdDOmUHAJk0Iv0RAzPmZD6BoasgC0m83CT+ipUQbUj5R5IdKZ+nsjY4E26TwzGTAc6WVvKv7ndRP0r9xMhHGCEPL5IT+RFCM6bYIOhAKOMjWEcSVMVspHTDGOpq+CKcFZ/vIqadWqznm1dndRrl8v6siTY3JCKsQhl6RObkmDNAknKXkmr+TNerJerHfrYz6asxY7JfIH1ucPdGiUoQ==</latexit>

NX

i=1

NX

j=1

aiajK (xi,xj) � 0

<latexit sha1_base64="hgUd4lZCUW2DRS5SWxISR2yjOtM="></latexit>

8(x1, . . . , xn) 2 Xn
<latexit sha1_base64="okzOb14ofOe07DYB/SF1nfQoT/8=">AAACFXicbVDLSsNAFJ3UV62vqks3g0WoUEpSBV0W3bisYB/QxDCZTNqhk0mYmUhL6E+48VfcuFDEreDOv3HSZqGtBwYO55zL3Hu8mFGpTPPbKKysrq1vFDdLW9s7u3vl/YOOjBKBSRtHLBI9D0nCKCdtRRUjvVgQFHqMdL3RdeZ3H4iQNOJ3ahITJ0QDTgOKkdKSW67ZQSQQY7A6dq0atJkfKVmDY5efQptyaIdIDTFiaW96r+MVs27OAJeJlZMKyNFyy1+2H+EkJFxhhqTsW2asnBQJRTEj05KdSBIjPEID0teUo5BIJ51dNYUnWvGhXk8/ruBM/T2RolDKSejpZLakXPQy8T+vn6jg0kkpjxNFOJ5/FCQMqghmFUGfCoIVm2iCsKB6V4iHSCCsdJElXYK1ePIy6TTq1lm9cXteaV7ldRTBETgGVWCBC9AEN6AF2gCDR/AMXsGb8WS8GO/GxzxaMPKZQ/AHxucPnVSd4A==</latexit>

8 (a1, . . . , an) 2 Rn
<latexit sha1_base64="pAowvXAYLvelN+1YdCCC3zZBSIs=">AAACFXicbVDLSgMxFM3UV62vqks3wSJUKGWmCgpuim5cVrEP6IzDnTRtQzOZIckIZehPuPFX3LhQxK3gzr8xfSy09UDgcM655N4TxJwpbdvfVmZpeWV1Lbue29jc2t7J7+41VJRIQusk4pFsBaAoZ4LWNdOctmJJIQw4bQaDq7HffKBSsUjc6WFMvRB6gnUZAW0kP19yu5EEzt0LXATfKWGXdyKtShh8cewygd0QdD8I0tvRvYkX7LI9AV4kzowU0Aw1P//ldiKShFRowkGptmPH2ktBakY4HeXcRNEYyAB6tG2ogJAqL51cNcJHRulgs555QuOJ+nsihVCpYRiY5HhHNe+Nxf+8dqK7517KRJxoKsj0o27CsY7wuCLcYZISzYeGAJHM7IpJHyQQbYrMmRKc+ZMXSaNSdk7KlZvTQvVyVkcWHaBDVEQOOkNVdI1qqI4IekTP6BW9WU/Wi/VufUyjGWs2s4/+wPr8AVuAnbc=</latexit>

(positive-definiteness)
<latexit sha1_base64="Fa0tJgRdf2bPXJXYNGrLi4VeUSo=">AAACB3icbVDLSgNBEJyNrxhfUY+CLAYhHgy7UdBj0IvHCOYBSQizk95kyOzsMtMbDEtuXvwVLx4U8eovePNvnCR70GhBQ1HVTVPlRYJrdJwvK7O0vLK6ll3PbWxube/kd/fqOowVgxoLRaiaHtUguIQachTQjBTQwBPQ8IbXU78xAqV5KO9wHEEnoH3Jfc4oGqmbP2wj3GNSjELNkY/gtAc+lxxBgtYnk26+4JScGey/xE1JgaSodvOf7V7I4gAkMkG1brlOhJ2EKuRMwCTXjjVElA1pH1qGShqA7iSzHBP72Cg92w+VGYn2TP15kdBA63Hgmc2A4kAvelPxP68Vo3/ZSbiMYhOMzR/5sbAxtKel2D2ugKEYG0KZMkUwmw2oogxNdTlTgrsY+S+pl0vuWal8e16oXKV1ZMkBOSJF4pILUiE3pEpqhJEH8kReyKv1aD1bb9b7fDVjpTf75Besj2/OG5nm</latexit>

In other words, K is a p.d. kernel if and only if, for any N 2 N, and any set of points
<latexit sha1_base64="otmoB0u0dHUrGpBeZNSqlZI8W/g="></latexit>

set of points (x1, . . . , xn) 2 XN , the similarity matrix Ki,j = K(xi, xj)
<latexit sha1_base64="JLn5WICZz/jAH0bn/dW+z+yDIlQ="></latexit>

is positive definite.
<latexit sha1_base64="ubNb5J5wckuaiAId5bLHihi+J4Y=">AAACBnicbZC7SgNBFIZn4z3eVi29MBgEq7AbCy1FG0sFYwJJCLOTszpkdnaZORsMSyoRfBUbC0W09BnsfAZfwsml0MQfBj7+/xyG8weJFAY978vJTU3PzM7NL+QXl5ZXVt219SsTp5pDmccy1tWAGZBCQRkFSqgmGlgUSKgE7dN+XumANiJWl9hNoBGxayVCwRlaq+lu1xFuMROGJrERKDpAWxAKJRCKtNd0C17RG4hOgj+CwvHW+8X3/c77edP9rLdinkagkEtmTM33EmxkTKPgEnr5emogYbzNrqFmUbEITCMbnNGje9Zp0TDW9imkA/f3RsYiY7pRYCcjhjdmPOub/2W1FMOjRiZUkiIoPvwoTCXFmPY7oS2hgaPsWmBc2xY45TdMM462ubwtwR8/eRKuSkX/oFi6sG2ckKHmySbZJfvEJ4fkmJyRc1ImnNyRR/JMXpwH58l5dd6GozlntLNB/sj5+AFS8Jy2</latexit>

We call kernel methods, algorithm that apply kernel transformations to input data.
<latexit sha1_base64="ModgjP3ncPcMo4EPQqK5AQfbKoU="></latexit>

to input data.
<latexit sha1_base64="m8+AAZG8L91a9IMUT/IfgsZrObQ=">AAAB/nicbVDLSsNAFJ34rPUVFVeKDBbBVUjqQpdFNy5bsA9oQ5lMJu3QyYOZG7GEghs/xI0LRdz2O9z5Df6E07QLbT0wcDjnXuae4yWCK7DtL2NpeWV1bb2wUdzc2t7ZNff2GypOJWV1GotYtjyimOARqwMHwVqJZCT0BGt6g5uJ37xnUvE4uoNhwtyQ9CIecEpAS13zsAPsATKIMY+SFLBPgFijrlmyLTsHXiTOjJQqx+Pa99PJuNo1Pzt+TNOQRUAFUart2Am4GZHAqWCjYidVLCF0QHqsrWlEQqbcLD9/hM+04uMglvpFgHP190ZGQqWGoacnQwJ9Ne9NxP+8dgrBlZvlwVhEpx8FqcA67aQL7HPJKIihJoRKrm/FtE8koaAbK+oSnPnIi6RRtpwLq1zTbVyjKQroCJ2ic+SgS1RBt6iK6oiiDD2jV/RmPBovxrvxMR1dMmY7B+gPjPEPPwaZXA==</latexit>

Proposition : Stability through elementary operations

Let K1,K2 be two positive definite kernels. Let c > 0.
<latexit sha1_base64="DmdRFmDK7gz7r6rbQzOR/YN9iso="></latexit>

Then
<latexit sha1_base64="P429CbAqwCzOdpX6Lh2ueatXYrg=">AAAB9HicbVDLSgNBEJz1GeMr6tHLYBA8hd0o6DHoxWOEvCBZwuykkwyZnV1neoNhyXd48aCIVz/Gm3/jJNmDJhY0FFXddHcFsRQGXffbWVvf2Nzazu3kd/f2Dw4LR8cNEyWaQ51HMtKtgBmQQkEdBUpoxRpYGEhoBqO7md8cgzYiUjWcxOCHbKBEX3CGVvI7CE+Y1oagppR2C0W35M5BV4mXkSLJUO0Wvjq9iCchKOSSGdP23Bj9lGkUXMI030kMxIyP2ADalioWgvHT+dFTem6VHu1H2pZCOld/T6QsNGYSBrYzZDg0y95M/M9rJ9i/8VOh4gRB8cWifiIpRnSWAO0JDRzlxBLGtbC3Uj5kmnG0OeVtCN7yy6ukUS55l6Xyw1WxcpvFkSOn5IxcEI9ckwq5J1VSJ5w8kmfySt6csfPivDsfi9Y1J5s5IX/gfP4AfW2R6A==</latexit>

(i) K1 +K2 is a positive definite kernel.
<latexit sha1_base64="G9YkaAd68tpXiDVXt0A+ynckRzo=">AAACJXicbVDLSgNBEJz1bXxFPXppDIIihN0o6MGD6EXwEsFEIQlhdtKrQ2Znl5leMSz5GS/+ihcPigie/BUnj4Ovgm6Kqm6arjBV0pLvf3gTk1PTM7Nz84WFxaXlleLqWt0mmRFYE4lKzHXILSqpsUaSFF6nBnkcKrwKu6cD/+oOjZWJvqReiq2Y32gZScHJSe3iUZPwnvJtuQN9OG8HsOt6BUYqSAsc0sRKkncIHYykloTQRaNRlfvtYskv+0PAXxKMSYmNUW0XX5udRGQxahKKW9sI/JRaOTckhcJ+oZlZTLno8htsOKp5jLaVD7/sw5ZTOhAlxpUmGKrfN3IeW9uLQzcZc7q1v72B+J/XyCg6bOVSpxmhFqNDUaaAEhhEBh1pUJDqOcKFcVkIELfccEEu2IILIfj98l9Sr5SDvXLlYr90fDKOY45tsE22zQJ2wI7ZGauyGhPsgT2xF/bqPXrP3pv3Phqd8MY76+wHvM8v6MCjvA==</latexit>

(ii) c ·K1 is a positive definite kernel.
<latexit sha1_base64="rTS6F3ImIcywM2ukBxrITfeX8VQ="></latexit>

(iii) K1 ·K2 is a positive definite kernel.
<latexit sha1_base64="PEcArYXdFmRLtFoFQmjP3rvX8es="></latexit>

Proposition : Pointwise limit of p.d. kernels

Proof : on the blackboard.

Let (Ki)i�0 be a sequence of p.d. kernels that converges pointwise to a function K.
<latexit sha1_base64="jVRS4BiZAziRiaLflX6COFPQQPw="></latexit>

to a function K. Then K is also a p.d. kernel.
<latexit sha1_base64="dT86fXJETuG4N71YLXjBO1tOFiA=">AAACMHicbVDLSgMxFM3Ud31VXboJFsHVMFMFXYouFNxU6ENoS8mkd2xoJjMkd8Qy9JPc+Cm6UVDErV9hpq3g60Dg5JxzSe4JEikMet6zU5iZnZtfWFwqLq+srq2XNjYbJk41hzqPZayvAmZACgV1FCjhKtHAokBCMxic5n7zBrQRsarhMIFOxK6VCAVnaKVu6ayNcIsZxpTRMFU8V+mIXrh0YtBaH8bC110YyqTJ44nbc+kAtAI5crulsud6Y9C/xJ+SMpmi2i09tHsxTyNQyCUzpuV7CXYyplFwCaNiOzWQMD5g19CyVLEITCcbLzyiu1bp0TDW9iikY/X7RMYiY4ZRYJMRw7757eXif14rxfCokwmVpAiKTx4KU0ltP3l7tCc0cJRDSxjXwv6V8j7TjKPtuGhL8H+v/Jc0Kq6/71YuD8rHJ9M6Fsk22SF7xCeH5JickyqpE07uyCN5Ia/OvfPkvDnvk2jBmc5skR9wPj4B9geoSA==</latexit>

Remark :

We deduce from the above properties that if K is a p.d. kernel, then eK is also a kernel.
<latexit sha1_base64="ytHbsbkBw1Ub9ZyN2oEjITcfLm0="></latexit>

then eK is also a kernel.
<latexit sha1_base64="8F1HImUPKqZSvVp3wFR3zC4dzRM=">AAACE3icbVA9SwNBEN3zM8avU0ubxSCIRbiLgpZBG8EmgvmAJIa9zSRZsrd37M6J4ch/sPGv2FgoYmtj579x81Fo4oOBx3szzMwLYikMet63s7C4tLyymlnLrm9sbm27O7sVEyWaQ5lHMtK1gBmQQkEZBUqoxRpYGEioBv3LkV+9B21EpG5xEEMzZF0lOoIztFLLPW4gPGCKPVB0SOHumk4EKgxl0kSU0T5oBTI/bLk5L++NQeeJPyU5MkWp5X412hFPQlDIJTOm7nsxNlOmUXAJw2wjMRAz3mddqFuqWAimmY5/GtJDq7RpJ9K2FNKx+nsiZaExgzCwnSHDnpn1RuJ/Xj3BznkzFSpOEBSfLOokkmJERwHRttDAUQ4sYVwLeyvlPaYZRxtj1obgz748TyqFvH+SL9yc5ooX0zgyZJ8ckCPikzNSJFekRMqEk0fyTF7Jm/PkvDjvzsekdcGZzuyRP3A+fwA8ip29</latexit>

eK is a p.d. kernel.
<latexit sha1_base64="W0FLsWSCxNm+XLwwPcpN4fziU+s=">AAACBnicbVDLSgNBEJz1GeMr6lGEwSB4WnajoMegF8FLBPOAJIbZSScZMju7zPSKYcnJi7/ixYMiXv0Gb/6Nk8dBEwsaiqpuuruCWAqDnvftLCwuLa+sZtay6xubW9u5nd2KiRLNocwjGelawAxIoaCMAiXUYg0sDCRUg/7lyK/egzYiUrc4iKEZsq4SHcEZWqmVO4C7a9pAeMCUCkMZjd22S/ugFUh32MrlPdcbg84Tf0ryZIpSK/fVaEc8CUEhl8yYuu/F2EyZRsElDLONxEDMeJ91oW6pYiGYZjp+Y0iPrNKmnUjbUkjH6u+JlIXGDMLAdoYMe2bWG4n/efUEO+fNVKg4QVB8sqiTSIoRHWVC20IDRzmwhHEt7K2U95hmHG1yWRuCP/vyPKkUXP/ELdyc5osX0zgyZJ8ckmPikzNSJFekRMqEk0fyTF7Jm/PkvDjvzsekdcGZzuyRP3A+fwA+Cpe0</latexit>

Kn is a p.d. kernel for all n 2 N, n � 1.
<latexit sha1_base64="XCYpuBCeTrQ5fA1rQu82b2xrLs0="></latexit>
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Implementation



Reproducing Kernel Hilbert space

Kernels as inner products
Definition : Reproducing Kernel Hilbert space

Let X be a set and H ⇢ RX be a class of functions forming a (real)
<latexit sha1_base64="/fCiyAbLojfe1n5oW735XNmwH4g="></latexit>

Hilbert space with inner product h., .iH.
<latexit sha1_base64="gxa3lujfHhP0bGg8B/A7PxF7whU="></latexit>

The function K : X 2
7! R is called a reproducing kernel of H if

<latexit sha1_base64="/LTE7i1caiHfV59TYPtI9g0zERA="></latexit>

H contains all functions of the form Kx : u 7! K(x, u), for x 2 X .
<latexit sha1_base64="AcgW92wu0keegA2uVCkEgCoA3dE="></latexit>

(i)
<latexit sha1_base64="cjgGO5MbZ0PneEY3xjaw6yE9Nic=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoMQL2E3CnoMevEYwTwgu4TZyWwyZPbBTK8YlvyGFw+KePVnvPk3TpI9aGJBQ1HVTXeXn0ih0ba/rcLa+sbmVnG7tLO7t39QPjxq6zhVjLdYLGPV9anmUkS8hQIl7yaK09CXvOOPb2d+55ErLeLoAScJ90I6jEQgGEUjuS7yJ8yq4pxMSb9csWv2HGSVODmpQI5mv/zlDmKWhjxCJqnWPcdO0MuoQsEkn5bcVPOEsjEd8p6hEQ259rL5zVNyZpQBCWJlKkIyV39PZDTUehL6pjOkONLL3kz8z+ulGFx7mYiSFHnEFouCVBKMySwAMhCKM5QTQyhTwtxK2IgqytDEVDIhOMsvr5J2veZc1Or3l5XGTR5HEU7gFKrgwBU04A6a0AIGCTzDK7xZqfVivVsfi9aClc8cwx9Ynz8OoJEJ</latexit>

(ii)
<latexit sha1_base64="fv4pc6DVZqoAu6ojNKwIQ4CaxyU=">AAAB9HicbVDLTgJBEOzFF+IL9ehlIjHBC9lFEz0SvXjERB4JbMjsMAsTZh/O9BLJhu/w4kFjvPox3vwbB9iDgpV0UqnqTneXF0uh0ba/rdza+sbmVn67sLO7t39QPDxq6ihRjDdYJCPV9qjmUoS8gQIlb8eK08CTvOWNbmd+a8yVFlH4gJOYuwEdhMIXjKKR3C7yJ0zLQpyTKekVS3bFnoOsEicjJchQ7xW/uv2IJQEPkUmqdcexY3RTqlAwyaeFbqJ5TNmIDnjH0JAGXLvp/OgpOTNKn/iRMhUimau/J1IaaD0JPNMZUBzqZW8m/ud1EvSv3VSEcYI8ZItFfiIJRmSWAOkLxRnKiSGUKWFuJWxIFWVociqYEJzll1dJs1pxLirV+8tS7SaLIw8ncAplcOAKanAHdWgAg0d4hld4s8bWi/VufSxac1Y2cwx/YH3+ANePkXw=</latexit>

For every x 2 X and f 2 H, we have f(x) = hf,KxiH .
<latexit sha1_base64="WxMsH4+yrp1qikPkUIm/aIKTC1s="></latexit>



Reproducing Kernel Hilbert space

Kernels as inner products
Definition : Reproducing Kernel Hilbert space

Remarks :

As a recall, a Hilbert space is a complete vector space endowed with an inner product.
<latexit sha1_base64="ioQ/H9LLVDDNog9VPyTQv7FioTo="></latexit>

an inner product.
<latexit sha1_base64="008DfakVLTeO88GEl9inmEsEA+I=">AAACAXicbVDLSgNBEJz1GeMr6kXwMhgET8tuFPQY9OIxgnlAEsLspDcZMju7zPSKYYkXf8WLB0W8+hfe/Bsnj4MmFjQUVd10dwWJFAY979tZWl5ZXVvPbeQ3t7Z3dgt7+zUTp5pDlccy1o2AGZBCQRUFSmgkGlgUSKgHg+uxX78HbUSs7nCYQDtiPSVCwRlaqVM4bCE8YMYUFUqBpomOuylHd9QpFD3Xm4AuEn9GimSGSqfw1erGPI1AIZfMmKbvJdjOmEbBJYzyrdRAwviA9aBpqWIRmHY2+WBET6zSpWGsbSmkE/X3RMYiY4ZRYDsjhn0z743F/7xmiuFlOxMqSREUny4KU0kxpuM4aFdo4CiHljCuhb2V8j7TjKMNLW9D8OdfXiS1kuufuaXb82L5ahZHjhyRY3JKfHJByuSGVEiVcPJInskreXOenBfn3fmYti45s5kD8gfO5w++QZcS</latexit>

Let X be a set and H ⇢ RX be a class of functions forming a (real)
<latexit sha1_base64="/fCiyAbLojfe1n5oW735XNmwH4g="></latexit>

Hilbert space with inner product h., .iH.
<latexit sha1_base64="gxa3lujfHhP0bGg8B/A7PxF7whU="></latexit>

The function K : X 2
7! R is called a reproducing kernel of H if

<latexit sha1_base64="/LTE7i1caiHfV59TYPtI9g0zERA="></latexit>

H contains all functions of the form Kx : u 7! K(x, u), for x 2 X .
<latexit sha1_base64="AcgW92wu0keegA2uVCkEgCoA3dE="></latexit>

(i)
<latexit sha1_base64="cjgGO5MbZ0PneEY3xjaw6yE9Nic=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoMQL2E3CnoMevEYwTwgu4TZyWwyZPbBTK8YlvyGFw+KePVnvPk3TpI9aGJBQ1HVTXeXn0ih0ba/rcLa+sbmVnG7tLO7t39QPjxq6zhVjLdYLGPV9anmUkS8hQIl7yaK09CXvOOPb2d+55ErLeLoAScJ90I6jEQgGEUjuS7yJ8yq4pxMSb9csWv2HGSVODmpQI5mv/zlDmKWhjxCJqnWPcdO0MuoQsEkn5bcVPOEsjEd8p6hEQ259rL5zVNyZpQBCWJlKkIyV39PZDTUehL6pjOkONLL3kz8z+ulGFx7mYiSFHnEFouCVBKMySwAMhCKM5QTQyhTwtxK2IgqytDEVDIhOMsvr5J2veZc1Or3l5XGTR5HEU7gFKrgwBU04A6a0AIGCTzDK7xZqfVivVsfi9aClc8cwx9Ynz8OoJEJ</latexit>

(ii)
<latexit sha1_base64="fv4pc6DVZqoAu6ojNKwIQ4CaxyU=">AAAB9HicbVDLTgJBEOzFF+IL9ehlIjHBC9lFEz0SvXjERB4JbMjsMAsTZh/O9BLJhu/w4kFjvPox3vwbB9iDgpV0UqnqTneXF0uh0ba/rdza+sbmVn67sLO7t39QPDxq6ihRjDdYJCPV9qjmUoS8gQIlb8eK08CTvOWNbmd+a8yVFlH4gJOYuwEdhMIXjKKR3C7yJ0zLQpyTKekVS3bFnoOsEicjJchQ7xW/uv2IJQEPkUmqdcexY3RTqlAwyaeFbqJ5TNmIDnjH0JAGXLvp/OgpOTNKn/iRMhUimau/J1IaaD0JPNMZUBzqZW8m/ud1EvSv3VSEcYI8ZItFfiIJRmSWAOkLxRnKiSGUKWFuJWxIFWVociqYEJzll1dJs1pxLirV+8tS7SaLIw8ncAplcOAKanAHdWgAg0d4hld4s8bWi/VufSxac1Y2cwx/YH3+ANePkXw=</latexit>

For every x 2 X and f 2 H, we have f(x) = hf,KxiH .
<latexit sha1_base64="WxMsH4+yrp1qikPkUIm/aIKTC1s="></latexit>



Reproducing Kernel Hilbert space

Kernels as inner products
Definition : Reproducing Kernel Hilbert space

Remarks :

As a recall, a Hilbert space is a complete vector space endowed with an inner product.
<latexit sha1_base64="ioQ/H9LLVDDNog9VPyTQv7FioTo="></latexit>

an inner product.
<latexit sha1_base64="008DfakVLTeO88GEl9inmEsEA+I=">AAACAXicbVDLSgNBEJz1GeMr6kXwMhgET8tuFPQY9OIxgnlAEsLspDcZMju7zPSKYYkXf8WLB0W8+hfe/Bsnj4MmFjQUVd10dwWJFAY979tZWl5ZXVvPbeQ3t7Z3dgt7+zUTp5pDlccy1o2AGZBCQRUFSmgkGlgUSKgHg+uxX78HbUSs7nCYQDtiPSVCwRlaqVM4bCE8YMYUFUqBpomOuylHd9QpFD3Xm4AuEn9GimSGSqfw1erGPI1AIZfMmKbvJdjOmEbBJYzyrdRAwviA9aBpqWIRmHY2+WBET6zSpWGsbSmkE/X3RMYiY4ZRYDsjhn0z743F/7xmiuFlOxMqSREUny4KU0kxpuM4aFdo4CiHljCuhb2V8j7TjKMNLW9D8OdfXiS1kuufuaXb82L5ahZHjhyRY3JKfHJByuSGVEiVcPJInskreXOenBfn3fmYti45s5kD8gfO5w++QZcS</latexit>

Let X be a set and H ⇢ RX be a class of functions forming a (real)
<latexit sha1_base64="/fCiyAbLojfe1n5oW735XNmwH4g="></latexit>

Hilbert space with inner product h., .iH.
<latexit sha1_base64="gxa3lujfHhP0bGg8B/A7PxF7whU="></latexit>

The function K : X 2
7! R is called a reproducing kernel of H if

<latexit sha1_base64="/LTE7i1caiHfV59TYPtI9g0zERA="></latexit>

H contains all functions of the form Kx : u 7! K(x, u), for x 2 X .
<latexit sha1_base64="AcgW92wu0keegA2uVCkEgCoA3dE="></latexit>

(i)
<latexit sha1_base64="cjgGO5MbZ0PneEY3xjaw6yE9Nic=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoMQL2E3CnoMevEYwTwgu4TZyWwyZPbBTK8YlvyGFw+KePVnvPk3TpI9aGJBQ1HVTXeXn0ih0ba/rcLa+sbmVnG7tLO7t39QPjxq6zhVjLdYLGPV9anmUkS8hQIl7yaK09CXvOOPb2d+55ErLeLoAScJ90I6jEQgGEUjuS7yJ8yq4pxMSb9csWv2HGSVODmpQI5mv/zlDmKWhjxCJqnWPcdO0MuoQsEkn5bcVPOEsjEd8p6hEQ259rL5zVNyZpQBCWJlKkIyV39PZDTUehL6pjOkONLL3kz8z+ulGFx7mYiSFHnEFouCVBKMySwAMhCKM5QTQyhTwtxK2IgqytDEVDIhOMsvr5J2veZc1Or3l5XGTR5HEU7gFKrgwBU04A6a0AIGCTzDK7xZqfVivVsfi9aClc8cwx9Ynz8OoJEJ</latexit>

(ii)
<latexit sha1_base64="fv4pc6DVZqoAu6ojNKwIQ4CaxyU=">AAAB9HicbVDLTgJBEOzFF+IL9ehlIjHBC9lFEz0SvXjERB4JbMjsMAsTZh/O9BLJhu/w4kFjvPox3vwbB9iDgpV0UqnqTneXF0uh0ba/rdza+sbmVn67sLO7t39QPDxq6ihRjDdYJCPV9qjmUoS8gQIlb8eK08CTvOWNbmd+a8yVFlH4gJOYuwEdhMIXjKKR3C7yJ0zLQpyTKekVS3bFnoOsEicjJchQ7xW/uv2IJQEPkUmqdcexY3RTqlAwyaeFbqJ5TNmIDnjH0JAGXLvp/OgpOTNKn/iRMhUimau/J1IaaD0JPNMZUBzqZW8m/ud1EvSv3VSEcYI8ZItFfiIJRmSWAOkLxRnKiSGUKWFuJWxIFWVociqYEJzll1dJs1pxLirV+8tS7SaLIw8ncAplcOAKanAHdWgAg0d4hld4s8bWi/VufSxac1Y2cwx/YH3+ANePkXw=</latexit>

For every x 2 X and f 2 H, we have f(x) = hf,KxiH .
<latexit sha1_base64="WxMsH4+yrp1qikPkUIm/aIKTC1s="></latexit>

Property (ii) is often called the reproducing property.
<latexit sha1_base64="Tc+2FGpH5SDS+r74tyrdPSZTYUw="></latexit>



Reproducing Kernel Hilbert space

Kernels as inner products
Definition : Reproducing Kernel Hilbert space

Remarks :

As a recall, a Hilbert space is a complete vector space endowed with an inner product.
<latexit sha1_base64="ioQ/H9LLVDDNog9VPyTQv7FioTo="></latexit>

an inner product.
<latexit sha1_base64="008DfakVLTeO88GEl9inmEsEA+I=">AAACAXicbVDLSgNBEJz1GeMr6kXwMhgET8tuFPQY9OIxgnlAEsLspDcZMju7zPSKYYkXf8WLB0W8+hfe/Bsnj4MmFjQUVd10dwWJFAY979tZWl5ZXVvPbeQ3t7Z3dgt7+zUTp5pDlccy1o2AGZBCQRUFSmgkGlgUSKgHg+uxX78HbUSs7nCYQDtiPSVCwRlaqVM4bCE8YMYUFUqBpomOuylHd9QpFD3Xm4AuEn9GimSGSqfw1erGPI1AIZfMmKbvJdjOmEbBJYzyrdRAwviA9aBpqWIRmHY2+WBET6zSpWGsbSmkE/X3RMYiY4ZRYDsjhn0z743F/7xmiuFlOxMqSREUny4KU0kxpuM4aFdo4CiHljCuhb2V8j7TjKMNLW9D8OdfXiS1kuufuaXb82L5ahZHjhyRY3JKfHJByuSGVEiVcPJInskreXOenBfn3fmYti45s5kD8gfO5w++QZcS</latexit>

Let X be a set and H ⇢ RX be a class of functions forming a (real)
<latexit sha1_base64="/fCiyAbLojfe1n5oW735XNmwH4g="></latexit>

Hilbert space with inner product h., .iH.
<latexit sha1_base64="gxa3lujfHhP0bGg8B/A7PxF7whU="></latexit>

The function K : X 2
7! R is called a reproducing kernel of H if

<latexit sha1_base64="/LTE7i1caiHfV59TYPtI9g0zERA="></latexit>

H contains all functions of the form Kx : u 7! K(x, u), for x 2 X .
<latexit sha1_base64="AcgW92wu0keegA2uVCkEgCoA3dE="></latexit>

(i)
<latexit sha1_base64="cjgGO5MbZ0PneEY3xjaw6yE9Nic=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoMQL2E3CnoMevEYwTwgu4TZyWwyZPbBTK8YlvyGFw+KePVnvPk3TpI9aGJBQ1HVTXeXn0ih0ba/rcLa+sbmVnG7tLO7t39QPjxq6zhVjLdYLGPV9anmUkS8hQIl7yaK09CXvOOPb2d+55ErLeLoAScJ90I6jEQgGEUjuS7yJ8yq4pxMSb9csWv2HGSVODmpQI5mv/zlDmKWhjxCJqnWPcdO0MuoQsEkn5bcVPOEsjEd8p6hEQ259rL5zVNyZpQBCWJlKkIyV39PZDTUehL6pjOkONLL3kz8z+ulGFx7mYiSFHnEFouCVBKMySwAMhCKM5QTQyhTwtxK2IgqytDEVDIhOMsvr5J2veZc1Or3l5XGTR5HEU7gFKrgwBU04A6a0AIGCTzDK7xZqfVivVsfi9aClc8cwx9Ynz8OoJEJ</latexit>

(ii)
<latexit sha1_base64="fv4pc6DVZqoAu6ojNKwIQ4CaxyU=">AAAB9HicbVDLTgJBEOzFF+IL9ehlIjHBC9lFEz0SvXjERB4JbMjsMAsTZh/O9BLJhu/w4kFjvPox3vwbB9iDgpV0UqnqTneXF0uh0ba/rdza+sbmVn67sLO7t39QPDxq6ihRjDdYJCPV9qjmUoS8gQIlb8eK08CTvOWNbmd+a8yVFlH4gJOYuwEdhMIXjKKR3C7yJ0zLQpyTKekVS3bFnoOsEicjJchQ7xW/uv2IJQEPkUmqdcexY3RTqlAwyaeFbqJ5TNmIDnjH0JAGXLvp/OgpOTNKn/iRMhUimau/J1IaaD0JPNMZUBzqZW8m/ud1EvSv3VSEcYI8ZItFfiIJRmSWAOkLxRnKiSGUKWFuJWxIFWVociqYEJzll1dJs1pxLirV+8tS7SaLIw8ncAplcOAKanAHdWgAg0d4hld4s8bWi/VufSxac1Y2cwx/YH3+ANePkXw=</latexit>

For every x 2 X and f 2 H, we have f(x) = hf,KxiH .
<latexit sha1_base64="WxMsH4+yrp1qikPkUIm/aIKTC1s="></latexit>

Property (ii) is often called the reproducing property.
<latexit sha1_base64="Tc+2FGpH5SDS+r74tyrdPSZTYUw="></latexit>

For H given, if a reproducing kernel exists, then H is called
<latexit sha1_base64="35v8jeKzVRP4GkSGU2gNYwu4VdU="></latexit>

a reproducing kernel Hilbert space.
<latexit sha1_base64="KQIf0h5vUuqgVaD+tfj+sCHHKmI=">AAACHXicbZDLSgMxFIYz9VbrrerSTbAIrspMLeiy6KbLCvYCbSmZ9EwbmskMyRmxDH0RN76KGxeKuHAjvo3pZaGtPwQ+/nNOkvP7sRQGXffbyaytb2xuZbdzO7t7+wf5w6OGiRLNoc4jGemWzwxIoaCOAiW0Yg0s9CU0/dHNtN68B21EpO5wHEM3ZAMlAsEZWquXL3cQHpCmjM7AD1INsY76CRdqQEegFUhaFdIHjdTEjMOkOOnlC27RnYmugreAAlmo1st/dvoRT0JQyCUzpu25MXZTplFwCZNcJzFg7x6xAbQtKhaC6aaz7Sb0zDp9GkTaHoV05v6eSFlozDj0bWfIcGiWa1Pzv1o7weCqmwoVJwiKzx8KEkkxotOoaF9o4CjHFhjXwv6V8iHTjKMNNGdD8JZXXoVGqehdFEu35ULlehFHlpyQU3JOPHJJKqRKaqROOHkkz+SVvDlPzovz7nzMWzPOYuaY/JHz9QOcq6LZ</latexit>



Reproducing Kernel Hilbert space

Kernels as inner products
Definition : Reproducing Kernel Hilbert space

Remarks :

As a recall, a Hilbert space is a complete vector space endowed with an inner product.
<latexit sha1_base64="ioQ/H9LLVDDNog9VPyTQv7FioTo="></latexit>

an inner product.
<latexit sha1_base64="008DfakVLTeO88GEl9inmEsEA+I=">AAACAXicbVDLSgNBEJz1GeMr6kXwMhgET8tuFPQY9OIxgnlAEsLspDcZMju7zPSKYYkXf8WLB0W8+hfe/Bsnj4MmFjQUVd10dwWJFAY979tZWl5ZXVvPbeQ3t7Z3dgt7+zUTp5pDlccy1o2AGZBCQRUFSmgkGlgUSKgHg+uxX78HbUSs7nCYQDtiPSVCwRlaqVM4bCE8YMYUFUqBpomOuylHd9QpFD3Xm4AuEn9GimSGSqfw1erGPI1AIZfMmKbvJdjOmEbBJYzyrdRAwviA9aBpqWIRmHY2+WBET6zSpWGsbSmkE/X3RMYiY4ZRYDsjhn0z743F/7xmiuFlOxMqSREUny4KU0kxpuM4aFdo4CiHljCuhb2V8j7TjKMNLW9D8OdfXiS1kuufuaXb82L5ahZHjhyRY3JKfHJByuSGVEiVcPJInskreXOenBfn3fmYti45s5kD8gfO5w++QZcS</latexit>

Let X be a set and H ⇢ RX be a class of functions forming a (real)
<latexit sha1_base64="/fCiyAbLojfe1n5oW735XNmwH4g="></latexit>

Hilbert space with inner product h., .iH.
<latexit sha1_base64="gxa3lujfHhP0bGg8B/A7PxF7whU="></latexit>

The function K : X 2
7! R is called a reproducing kernel of H if

<latexit sha1_base64="/LTE7i1caiHfV59TYPtI9g0zERA="></latexit>

H contains all functions of the form Kx : u 7! K(x, u), for x 2 X .
<latexit sha1_base64="AcgW92wu0keegA2uVCkEgCoA3dE="></latexit>

(i)
<latexit sha1_base64="cjgGO5MbZ0PneEY3xjaw6yE9Nic=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoMQL2E3CnoMevEYwTwgu4TZyWwyZPbBTK8YlvyGFw+KePVnvPk3TpI9aGJBQ1HVTXeXn0ih0ba/rcLa+sbmVnG7tLO7t39QPjxq6zhVjLdYLGPV9anmUkS8hQIl7yaK09CXvOOPb2d+55ErLeLoAScJ90I6jEQgGEUjuS7yJ8yq4pxMSb9csWv2HGSVODmpQI5mv/zlDmKWhjxCJqnWPcdO0MuoQsEkn5bcVPOEsjEd8p6hEQ259rL5zVNyZpQBCWJlKkIyV39PZDTUehL6pjOkONLL3kz8z+ulGFx7mYiSFHnEFouCVBKMySwAMhCKM5QTQyhTwtxK2IgqytDEVDIhOMsvr5J2veZc1Or3l5XGTR5HEU7gFKrgwBU04A6a0AIGCTzDK7xZqfVivVsfi9aClc8cwx9Ynz8OoJEJ</latexit>

(ii)
<latexit sha1_base64="fv4pc6DVZqoAu6ojNKwIQ4CaxyU=">AAAB9HicbVDLTgJBEOzFF+IL9ehlIjHBC9lFEz0SvXjERB4JbMjsMAsTZh/O9BLJhu/w4kFjvPox3vwbB9iDgpV0UqnqTneXF0uh0ba/rdza+sbmVn67sLO7t39QPDxq6ihRjDdYJCPV9qjmUoS8gQIlb8eK08CTvOWNbmd+a8yVFlH4gJOYuwEdhMIXjKKR3C7yJ0zLQpyTKekVS3bFnoOsEicjJchQ7xW/uv2IJQEPkUmqdcexY3RTqlAwyaeFbqJ5TNmIDnjH0JAGXLvp/OgpOTNKn/iRMhUimau/J1IaaD0JPNMZUBzqZW8m/ud1EvSv3VSEcYI8ZItFfiIJRmSWAOkLxRnKiSGUKWFuJWxIFWVociqYEJzll1dJs1pxLirV+8tS7SaLIw8ncAplcOAKanAHdWgAg0d4hld4s8bWi/VufSxac1Y2cwx/YH3+ANePkXw=</latexit>

For every x 2 X and f 2 H, we have f(x) = hf,KxiH .
<latexit sha1_base64="WxMsH4+yrp1qikPkUIm/aIKTC1s="></latexit>

Property (ii) is often called the reproducing property.
<latexit sha1_base64="Tc+2FGpH5SDS+r74tyrdPSZTYUw="></latexit>

For H given, if a reproducing kernel exists, then H is called
<latexit sha1_base64="35v8jeKzVRP4GkSGU2gNYwu4VdU="></latexit>

a reproducing kernel Hilbert space.
<latexit sha1_base64="KQIf0h5vUuqgVaD+tfj+sCHHKmI=">AAACHXicbZDLSgMxFIYz9VbrrerSTbAIrspMLeiy6KbLCvYCbSmZ9EwbmskMyRmxDH0RN76KGxeKuHAjvo3pZaGtPwQ+/nNOkvP7sRQGXffbyaytb2xuZbdzO7t7+wf5w6OGiRLNoc4jGemWzwxIoaCOAiW0Yg0s9CU0/dHNtN68B21EpO5wHEM3ZAMlAsEZWquXL3cQHpCmjM7AD1INsY76CRdqQEegFUhaFdIHjdTEjMOkOOnlC27RnYmugreAAlmo1st/dvoRT0JQyCUzpu25MXZTplFwCZNcJzFg7x6xAbQtKhaC6aaz7Sb0zDp9GkTaHoV05v6eSFlozDj0bWfIcGiWa1Pzv1o7weCqmwoVJwiKzx8KEkkxotOoaF9o4CjHFhjXwv6V8iHTjKMNNGdD8JZXXoVGqehdFEu35ULlehFHlpyQU3JOPHJJKqRKaqROOHkkz+SVvDlPzovz7nzMWzPOYuaY/JHz9QOcq6LZ</latexit>

Proposition : Reproducing kernels are p.d. kernels

Reproducing kernels are positive definite kernels.



Reproducing Kernel Hilbert space

Kernels as inner products
Definition : Reproducing Kernel Hilbert space

Remarks :

As a recall, a Hilbert space is a complete vector space endowed with an inner product.
<latexit sha1_base64="ioQ/H9LLVDDNog9VPyTQv7FioTo="></latexit>

an inner product.
<latexit sha1_base64="008DfakVLTeO88GEl9inmEsEA+I=">AAACAXicbVDLSgNBEJz1GeMr6kXwMhgET8tuFPQY9OIxgnlAEsLspDcZMju7zPSKYYkXf8WLB0W8+hfe/Bsnj4MmFjQUVd10dwWJFAY979tZWl5ZXVvPbeQ3t7Z3dgt7+zUTp5pDlccy1o2AGZBCQRUFSmgkGlgUSKgHg+uxX78HbUSs7nCYQDtiPSVCwRlaqVM4bCE8YMYUFUqBpomOuylHd9QpFD3Xm4AuEn9GimSGSqfw1erGPI1AIZfMmKbvJdjOmEbBJYzyrdRAwviA9aBpqWIRmHY2+WBET6zSpWGsbSmkE/X3RMYiY4ZRYDsjhn0z743F/7xmiuFlOxMqSREUny4KU0kxpuM4aFdo4CiHljCuhb2V8j7TjKMNLW9D8OdfXiS1kuufuaXb82L5ahZHjhyRY3JKfHJByuSGVEiVcPJInskreXOenBfn3fmYti45s5kD8gfO5w++QZcS</latexit>

Let X be a set and H ⇢ RX be a class of functions forming a (real)
<latexit sha1_base64="/fCiyAbLojfe1n5oW735XNmwH4g="></latexit>

Hilbert space with inner product h., .iH.
<latexit sha1_base64="gxa3lujfHhP0bGg8B/A7PxF7whU="></latexit>

The function K : X 2
7! R is called a reproducing kernel of H if

<latexit sha1_base64="/LTE7i1caiHfV59TYPtI9g0zERA="></latexit>

H contains all functions of the form Kx : u 7! K(x, u), for x 2 X .
<latexit sha1_base64="AcgW92wu0keegA2uVCkEgCoA3dE="></latexit>

(i)
<latexit sha1_base64="cjgGO5MbZ0PneEY3xjaw6yE9Nic=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoMQL2E3CnoMevEYwTwgu4TZyWwyZPbBTK8YlvyGFw+KePVnvPk3TpI9aGJBQ1HVTXeXn0ih0ba/rcLa+sbmVnG7tLO7t39QPjxq6zhVjLdYLGPV9anmUkS8hQIl7yaK09CXvOOPb2d+55ErLeLoAScJ90I6jEQgGEUjuS7yJ8yq4pxMSb9csWv2HGSVODmpQI5mv/zlDmKWhjxCJqnWPcdO0MuoQsEkn5bcVPOEsjEd8p6hEQ259rL5zVNyZpQBCWJlKkIyV39PZDTUehL6pjOkONLL3kz8z+ulGFx7mYiSFHnEFouCVBKMySwAMhCKM5QTQyhTwtxK2IgqytDEVDIhOMsvr5J2veZc1Or3l5XGTR5HEU7gFKrgwBU04A6a0AIGCTzDK7xZqfVivVsfi9aClc8cwx9Ynz8OoJEJ</latexit>

(ii)
<latexit sha1_base64="fv4pc6DVZqoAu6ojNKwIQ4CaxyU=">AAAB9HicbVDLTgJBEOzFF+IL9ehlIjHBC9lFEz0SvXjERB4JbMjsMAsTZh/O9BLJhu/w4kFjvPox3vwbB9iDgpV0UqnqTneXF0uh0ba/rdza+sbmVn67sLO7t39QPDxq6ihRjDdYJCPV9qjmUoS8gQIlb8eK08CTvOWNbmd+a8yVFlH4gJOYuwEdhMIXjKKR3C7yJ0zLQpyTKekVS3bFnoOsEicjJchQ7xW/uv2IJQEPkUmqdcexY3RTqlAwyaeFbqJ5TNmIDnjH0JAGXLvp/OgpOTNKn/iRMhUimau/J1IaaD0JPNMZUBzqZW8m/ud1EvSv3VSEcYI8ZItFfiIJRmSWAOkLxRnKiSGUKWFuJWxIFWVociqYEJzll1dJs1pxLirV+8tS7SaLIw8ncAplcOAKanAHdWgAg0d4hld4s8bWi/VufSxac1Y2cwx/YH3+ANePkXw=</latexit>

For every x 2 X and f 2 H, we have f(x) = hf,KxiH .
<latexit sha1_base64="WxMsH4+yrp1qikPkUIm/aIKTC1s="></latexit>

Property (ii) is often called the reproducing property.
<latexit sha1_base64="Tc+2FGpH5SDS+r74tyrdPSZTYUw="></latexit>

For H given, if a reproducing kernel exists, then H is called
<latexit sha1_base64="35v8jeKzVRP4GkSGU2gNYwu4VdU="></latexit>

a reproducing kernel Hilbert space.
<latexit sha1_base64="KQIf0h5vUuqgVaD+tfj+sCHHKmI=">AAACHXicbZDLSgMxFIYz9VbrrerSTbAIrspMLeiy6KbLCvYCbSmZ9EwbmskMyRmxDH0RN76KGxeKuHAjvo3pZaGtPwQ+/nNOkvP7sRQGXffbyaytb2xuZbdzO7t7+wf5w6OGiRLNoc4jGemWzwxIoaCOAiW0Yg0s9CU0/dHNtN68B21EpO5wHEM3ZAMlAsEZWquXL3cQHpCmjM7AD1INsY76CRdqQEegFUhaFdIHjdTEjMOkOOnlC27RnYmugreAAlmo1st/dvoRT0JQyCUzpu25MXZTplFwCZNcJzFg7x6xAbQtKhaC6aaz7Sb0zDp9GkTaHoV05v6eSFlozDj0bWfIcGiWa1Pzv1o7weCqmwoVJwiKzx8KEkkxotOoaF9o4CjHFhjXwv6V8iHTjKMNNGdD8JZXXoVGqehdFEu35ULlehFHlpyQU3JOPHJJKqRKaqROOHkkz+SVvDlPzovz7nzMWzPOYuaY/JHz9QOcq6LZ</latexit>

Proposition : Reproducing kernels are p.d. kernels

Reproducing kernels are positive definite kernels.

Proof : On the black board



Reproducing Kernel Hilbert space

Unicity results for the kernel and the RKHS
Proposition : Continuity. of the evaluation map

Kernels as inner products
Definition : Reproducing Kernel Hilbert space

Remarks :

As a recall, a Hilbert space is a complete vector space endowed with an inner product.
<latexit sha1_base64="ioQ/H9LLVDDNog9VPyTQv7FioTo="></latexit>

an inner product.
<latexit sha1_base64="008DfakVLTeO88GEl9inmEsEA+I=">AAACAXicbVDLSgNBEJz1GeMr6kXwMhgET8tuFPQY9OIxgnlAEsLspDcZMju7zPSKYYkXf8WLB0W8+hfe/Bsnj4MmFjQUVd10dwWJFAY979tZWl5ZXVvPbeQ3t7Z3dgt7+zUTp5pDlccy1o2AGZBCQRUFSmgkGlgUSKgHg+uxX78HbUSs7nCYQDtiPSVCwRlaqVM4bCE8YMYUFUqBpomOuylHd9QpFD3Xm4AuEn9GimSGSqfw1erGPI1AIZfMmKbvJdjOmEbBJYzyrdRAwviA9aBpqWIRmHY2+WBET6zSpWGsbSmkE/X3RMYiY4ZRYDsjhn0z743F/7xmiuFlOxMqSREUny4KU0kxpuM4aFdo4CiHljCuhb2V8j7TjKMNLW9D8OdfXiS1kuufuaXb82L5ahZHjhyRY3JKfHJByuSGVEiVcPJInskreXOenBfn3fmYti45s5kD8gfO5w++QZcS</latexit>

Let X be a set and H ⇢ RX be a class of functions forming a (real)
<latexit sha1_base64="/fCiyAbLojfe1n5oW735XNmwH4g="></latexit>

Hilbert space with inner product h., .iH.
<latexit sha1_base64="gxa3lujfHhP0bGg8B/A7PxF7whU="></latexit>

The function K : X 2
7! R is called a reproducing kernel of H if

<latexit sha1_base64="/LTE7i1caiHfV59TYPtI9g0zERA="></latexit>

H contains all functions of the form Kx : u 7! K(x, u), for x 2 X .
<latexit sha1_base64="AcgW92wu0keegA2uVCkEgCoA3dE="></latexit>

(i)
<latexit sha1_base64="cjgGO5MbZ0PneEY3xjaw6yE9Nic=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoMQL2E3CnoMevEYwTwgu4TZyWwyZPbBTK8YlvyGFw+KePVnvPk3TpI9aGJBQ1HVTXeXn0ih0ba/rcLa+sbmVnG7tLO7t39QPjxq6zhVjLdYLGPV9anmUkS8hQIl7yaK09CXvOOPb2d+55ErLeLoAScJ90I6jEQgGEUjuS7yJ8yq4pxMSb9csWv2HGSVODmpQI5mv/zlDmKWhjxCJqnWPcdO0MuoQsEkn5bcVPOEsjEd8p6hEQ259rL5zVNyZpQBCWJlKkIyV39PZDTUehL6pjOkONLL3kz8z+ulGFx7mYiSFHnEFouCVBKMySwAMhCKM5QTQyhTwtxK2IgqytDEVDIhOMsvr5J2veZc1Or3l5XGTR5HEU7gFKrgwBU04A6a0AIGCTzDK7xZqfVivVsfi9aClc8cwx9Ynz8OoJEJ</latexit>
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For every x 2 X and f 2 H, we have f(x) = hf,KxiH .
<latexit sha1_base64="WxMsH4+yrp1qikPkUIm/aIKTC1s="></latexit>

Property (ii) is often called the reproducing property.
<latexit sha1_base64="Tc+2FGpH5SDS+r74tyrdPSZTYUw="></latexit>

For H given, if a reproducing kernel exists, then H is called
<latexit sha1_base64="35v8jeKzVRP4GkSGU2gNYwu4VdU="></latexit>

a reproducing kernel Hilbert space.
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Proposition : Reproducing kernels are p.d. kernels

Reproducing kernels are positive definite kernels.

Proof : On the black board

A Hilbert space of functions H ⇢ RX
is a RKHS if and only if
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for any x 2 X , f 7! f(x) from H to R is continuous.
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Let X be a set and H ⇢ RX be a class of functions forming a (real)
<latexit sha1_base64="/fCiyAbLojfe1n5oW735XNmwH4g="></latexit>
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For every x 2 X and f 2 H, we have f(x) = hf,KxiH .
<latexit sha1_base64="WxMsH4+yrp1qikPkUIm/aIKTC1s="></latexit>

Property (ii) is often called the reproducing property.
<latexit sha1_base64="Tc+2FGpH5SDS+r74tyrdPSZTYUw="></latexit>
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for any x 2 X , f 7! f(x) from H to R is continuous.
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Proposition : Unicity of the reproducing kernel

If two reproducing kernel exist for a Hilbert space, then they are equal.
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As a recall, a Hilbert space is a complete vector space endowed with an inner product.
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an inner product.
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Let X be a set and H ⇢ RX be a class of functions forming a (real)
<latexit sha1_base64="/fCiyAbLojfe1n5oW735XNmwH4g="></latexit>

Hilbert space with inner product h., .iH.
<latexit sha1_base64="gxa3lujfHhP0bGg8B/A7PxF7whU="></latexit>

The function K : X 2
7! R is called a reproducing kernel of H if

<latexit sha1_base64="/LTE7i1caiHfV59TYPtI9g0zERA="></latexit>

H contains all functions of the form Kx : u 7! K(x, u), for x 2 X .
<latexit sha1_base64="AcgW92wu0keegA2uVCkEgCoA3dE="></latexit>

(i)
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For every x 2 X and f 2 H, we have f(x) = hf,KxiH .
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Property (ii) is often called the reproducing property.
<latexit sha1_base64="Tc+2FGpH5SDS+r74tyrdPSZTYUw="></latexit>

For H given, if a reproducing kernel exists, then H is called
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a reproducing kernel Hilbert space.
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Proposition : Reproducing kernels are p.d. kernels

Reproducing kernels are positive definite kernels.

Proof : On the black board

A Hilbert space of functions H ⇢ RX
is a RKHS if and only if
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for any x 2 X , f 7! f(x) from H to R is continuous.
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Proposition : Unicity of the. RKHS

If two RKHS have the same reproducing kernel, then they are equal.

Proposition : Unicity of the reproducing kernel

If two reproducing kernel exist for a Hilbert space, then they are equal.

Proof : On the blackboard.



Reproducing Kernel Hilbert space

Proof : On the blackboard.

Unicity results for the kernel and the RKHS
Proposition : Continuity. of the evaluation map

Kernels as inner products
Definition : Reproducing Kernel Hilbert space

Remarks :

As a recall, a Hilbert space is a complete vector space endowed with an inner product.
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an inner product.
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Let X be a set and H ⇢ RX be a class of functions forming a (real)
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Hilbert space with inner product h., .iH.
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The function K : X 2
7! R is called a reproducing kernel of H if
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H contains all functions of the form Kx : u 7! K(x, u), for x 2 X .
<latexit sha1_base64="AcgW92wu0keegA2uVCkEgCoA3dE="></latexit>

(i)
<latexit sha1_base64="cjgGO5MbZ0PneEY3xjaw6yE9Nic=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoMQL2E3CnoMevEYwTwgu4TZyWwyZPbBTK8YlvyGFw+KePVnvPk3TpI9aGJBQ1HVTXeXn0ih0ba/rcLa+sbmVnG7tLO7t39QPjxq6zhVjLdYLGPV9anmUkS8hQIl7yaK09CXvOOPb2d+55ErLeLoAScJ90I6jEQgGEUjuS7yJ8yq4pxMSb9csWv2HGSVODmpQI5mv/zlDmKWhjxCJqnWPcdO0MuoQsEkn5bcVPOEsjEd8p6hEQ259rL5zVNyZpQBCWJlKkIyV39PZDTUehL6pjOkONLL3kz8z+ulGFx7mYiSFHnEFouCVBKMySwAMhCKM5QTQyhTwtxK2IgqytDEVDIhOMsvr5J2veZc1Or3l5XGTR5HEU7gFKrgwBU04A6a0AIGCTzDK7xZqfVivVsfi9aClc8cwx9Ynz8OoJEJ</latexit>

(ii)
<latexit sha1_base64="fv4pc6DVZqoAu6ojNKwIQ4CaxyU=">AAAB9HicbVDLTgJBEOzFF+IL9ehlIjHBC9lFEz0SvXjERB4JbMjsMAsTZh/O9BLJhu/w4kFjvPox3vwbB9iDgpV0UqnqTneXF0uh0ba/rdza+sbmVn67sLO7t39QPDxq6ihRjDdYJCPV9qjmUoS8gQIlb8eK08CTvOWNbmd+a8yVFlH4gJOYuwEdhMIXjKKR3C7yJ0zLQpyTKekVS3bFnoOsEicjJchQ7xW/uv2IJQEPkUmqdcexY3RTqlAwyaeFbqJ5TNmIDnjH0JAGXLvp/OgpOTNKn/iRMhUimau/J1IaaD0JPNMZUBzqZW8m/ud1EvSv3VSEcYI8ZItFfiIJRmSWAOkLxRnKiSGUKWFuJWxIFWVociqYEJzll1dJs1pxLirV+8tS7SaLIw8ncAplcOAKanAHdWgAg0d4hld4s8bWi/VufSxac1Y2cwx/YH3+ANePkXw=</latexit>

For every x 2 X and f 2 H, we have f(x) = hf,KxiH .
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Proposition : Reproducing kernels are p.d. kernels

Reproducing kernels are positive definite kernels.

Proof : On the black board

A Hilbert space of functions H ⇢ RX
is a RKHS if and only if
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for any x 2 X , f 7! f(x) from H to R is continuous.
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Proposition : Unicity of the. RKHS

Proof : On the blackboard.

If two RKHS have the same reproducing kernel, then they are equal.

Proposition : Unicity of the reproducing kernel

If two reproducing kernel exist for a Hilbert space, then they are equal.

Proof : On the blackboard.



Reproducing Kernel Hilbert space

Proof : Delayed for a bit.

Aronszajn
Proposition : Aronszajn theorem

K : X ⇥ X ! R is a p.d. kernel on X if and only if there exists a Hilbert
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space H and a mapping ' : X ! H such that
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K (x,x0) = h�(x),� (x0)i
H
, 8x, x0 2 X .
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Remarks :

As a recall, a Hilbert space is a complete vector space endowed with an inner product.
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In other words, the kernel operates a measure of similarity
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on data, made explicit as an inner product after application of '.
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We a good choice for ', one may expect to transform their
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nonlinear prediction task into a linear one in the space H.
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